MATHEMATICAL EXISTENCE RESULTS
FOR THE DOI-EDWARDS POLYMER MODEL
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Abstract. In this paper, we present some mathematical results on the Doi-Edwards model

describing the dynamics of flexible polymers in melts and concentrated solutions. This model, devel-
oped in the late 1970s, has been used and extensively tested in modeling and simulation of polymer
flows. From a mathematical point of view, the Doi-Edwards model consists in a strong coupling
between the Navier-Stokes equations and a highly nonlinear constitutive law.
The aim of this article is to provide a rigorous proof of the well-posedness of the Doi-Edwards model,
namely it has a unique regular solution. We also prove, which is generally much more difficult for
flows of viscoelastic type, that the solution is global in time in the two dimensional case, without
any restriction on the smallness of the data.
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1. Introduction. Numerous models exist for describing fluids with complex rhe-
ological properties. They generally are of great scientific interest and have a rich phe-
nomenology. Their mathematical description remains challenging. We are interested
in this article to a model - the Doi-Edwards model - which was one of the foundation
of the most recent physical theories but for which the mathematical theory remains
very poor.

M. Doi and S.F. Edwards wrote a series of papers [11, 12, 13, 14] expanding the
concept of reptation introduced by P.G. de Gennes in 1971. This approach was then
taken up in a famous book in polymer physics in 1988, see [15]. Since this model
was derived, numerous studies have been carried out either from a physical point of
view, either from a numerical point of view. Moreover, several other models were
born: simplified models using for instance the Independent Alignment approximation
or the Currie approximation [8], more complex models like the pom-pom model [30].
Finally, much progress has been made on the modeling of both linear and branched
polymers. However, from a mathematical point of view, it seems that no justification
was given even for the pioneering model.

Nonetheless we can cite some recent theoretical papers on this subject, see [4, 20], in
which the authors are only interested in specific cases: one dimensional shear flows
under the independent alignment assumption in [20], flows for which the coupling
between the velocity and the stress is not taking into account in [4]. More generally,
there seems to be a real challenge to obtain global existence in time for models of
polymers. The most caricatural example is the Oldroyd model for which the question
of global existence in dimension 2 remains an open question, see [26] for a partial an-
swer. However, there exists polymer models for which such results are proved. Thus,
for the FENE type models, N. Masmoudi [29] proved a global existence result in di-
mension 2. Similarly, for integral fluid of type K-BKZ such results hold too (see [3]).

The aim of this paper is to prove relevant mathematical results on this relevant phys-
ical problem. The first one is the following (a more specific version of this result is
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given by Theorems 3.1 and 3.2, page 8):

THEOREM 1.1. There exists a time t* > 0 such that the two or three dimensional
Doi-Edwards model admits a unique strong solution on the interval time [0,¢*].

By the expression ”strong solution” we mean a sufficiently smooth solution so that
each term of the system is well defined, as well as the initial conditions (correspond-
ing to the time ¢ = 0). The lifetime of the solution, i.e. the value of time ¢*, is not
easily quantifiable. In practice it is well known that for the Navier-Stokes equations -
modeling newtonian behavior, the question of long time existence is still an open one.
For the Newtonian fluids, the only existence results, for long time and for any data,
correspond to the two dimensional case. However, we have above pointed out the
difficulty to get this kind of result even in 2D for some viscoelastic fluids. The major
point of this paper is the proof indicating that the model of Doi-Edwards admits a
strong solution for long time in 2D (a more specific version of this result is given by
Theorem 3.3, page 9):

THEOREM 1.2. For all time t* > 0, the two dimensional Doi-Edwards model
admits a unique strong solution on the interval time [0,t*].

The paper is organized as follows. First - in Section 2, we introduce the Doi-Edwards
model specifying the physical meaning of each contribution. This second section
ends by a dimensionless procedure that allows us to write the model with only three
parameters (the Reynolds number, the Weissenberg number and the ratio between
solvent viscosity and elastic viscosity). In Section 3, we present the mathematical
framework as well as the assumptions which are physically discussed. The main results
are given at the end of this section. Section 4 is devoted to fundamental preliminaries
which correspond to some key points of the next proofs. The first two provide a
priori bounds which will imply that that the stress defined in the Doi-Edwards model
is automatically bounded. The third preliminary give a Gronwall lemma with two
time variables. The fourth preliminary result is about the maximum principle which
can be applied many times to estimate the memory of the fluid. The last preliminary
result is about a Cauchy problem arising in the global existence proof. The three last
sections (5, 6 and 7) are devoted to the proof of the three mains results , namely: the
local existence result in Section 5, the uniqueness result in Section 6 and the global
existence result in Section 7. Some open questions are presented by way of conclusion.

2. Governing equations.

2.1. Conservation laws. In this paper we are interested in the flow of isother-
mal and incompressible fluids. The incompressibility implies that the mass conser-
vation is equivalent to the free-divergence of the velocity field. The isothermal as-
sumption implies that only one other conservation law suffices to describe the flow:
it corresponds to the law of conservation of the momentum (Newton’s second law of
motion). This equation is written as a balance between the material derivative of the
velocity and the divergence of the Cauchy stress tensor. For a polymeric liquid, the
equations of conservation can hence written as a system coupling the velocity field v,
the pressure p and the extra-stress tensor o:

pdiv + Vp — nsAv = divo,
dive =0,
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where p is the fluid density and 7s the solvent viscosity. The notation d; corresponds
to the material derivative dy = 0; + v - V.

2.2. Constitutive equation. A fundamental result of the Doi-Edwards theory
is the expression for the stress tensor o which applies when the chains which compose
the fluid are relaxed within their tubes. More precisely, the stress can be deduce from
a tensor S denoted the orientation order parameter of the chains. Although the chain
tension is permanently at the equilibrium value, the orientations become anisotropi-
cally distributed as a consequence of the flow, and a stress develops accordingly. The
stress is then modelized by (see [10, page 2056)):

£
o(t,x) = %f ) S(t,x,s)ds,

where G, is a characteristic modulus and ¢ is the equilibrium value of the contour
length of the chains. The quantity s is a arc-length coordinate along the primitive
chain.

To evaluate this tensor S, M. Doi and S.F. Edwards write S = (u®u— 55) Here, u is
a unit vector along the tangent to the primitive chain which depends on time ¢, spatial
position  and length s, and § denotes the identity tensor. The entire d corresponds
to the dimension of the spatial coordinates (in practice d = 2 or d = 3). The average
is over the distribution of these vectors in the ensemble of chains, i.e., more explicitly

S(t,x,s) =J f(u;t,ac,s)(u@u—é&)du,
gd—1

with f(u;t, @, s) given the orientation distribution function. To obtain an expression
for this distribution, the history of motion must be found. To this purpose, let us first
recall the relevant aspects of the Doi-Edwards model. They are
v" The polymer moves randomly inside the tube executing one-dimensional
Brownian motion. Moreover tube segments are randomly oriented when they
are created and deform affinely thereafter;
v If the system is macroscopically deformed, the polymer conformation is also
changed as presented on Figure 2.1;
v" The macroscopic motion and Brownian motion coexist, independently from
one another.

)A retraction

affine

transformation

=

F1G. 2.1. (inspired from the book [10, page 2058]) — When a macroscopic deformation is applied,
a polymer chain is transformed into a new conformation. The new chain is on the curve which is
the affine transformation of the initial curve. The new position of each segment is obtained by
retraction, preserving the initial lengths.
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All these considerations being taken into account, it is possible to write (see [15, page
277])

S(t,@,s) = — Lm orK(t,T,x,s) . (G(t, T,z))dT. (2.1)

It makes appear the deformation gradient tensor G which depends not only on the
current time ¢ and spatial variable @ but also on an other time 7. The time T allows
to take into account all the history of the motion. The deformation gradient G fulfills
the differential equation (see [2]):

d:G + 0rG = G - V.

Finally, the integral kernel K satisfies (the coefficient D, is a curvilinear diffusion
coefficient):

&K + 07K + (w : J Sds)&sK ~ D. K = 0. (2.2)
0

REMARK 2.1.

1. Note that the equation (2.1) does not explicitly defined the orientation tensor
since S again appears in the equation (2.2). It is one of the difficulties to
obtain existence results.

2. The usual formulation use the time t and a other time t' in the past. Morally,
the deformation gradient tensor G measures the deformation between these
two times. In the present paper we select as independent variable the age
T =t —t, which is measured relative to the current time t. This viewpoint
is relatively classical in the numerical framework for integral models, see for
instance [22, 23, 32]. In this paper, we then consider the two times t and T
as two independent variables.

3. The equation (2.2) is not altogether intuitive. Indeed, the presence of the
nonlinear term Vv : SS S ds comes from to the conservation of the length of a
polymer chains (which are parametrized by the arc-length s ) after deformation
(given by the tensor Vv). This is well explained in the reference [10, pages
2057-2058]. When this term is neglected (without any physical reason), we
get the I.A. approzimation model, see Paragraph 2.4 below.

The model is closed with the expression of the function .7, see [15, eq. (7.115)]:

S(G)

1 G- G- 1
_ <( w) @ ( “)> ~ 35, (2.3)
G -uly |G - uf o d

where the brackets (-)y correspond to the average over the isotropic distribution of
unit vectors u € S41.

2.3. Boundary and initial conditions. The previous equations are supple-
mented by boundary and initial conditions. Throughout this article we restrict to the
case where the macroscopic field is assumed to be periodic. Thus the only condition
that we impose on the unknowns v, p, K and G with respect to the variable x is to
be periodic. Clearly this “simplification” is purely mathematical and it will be inter-
esting to treat a more physical case imposing, for instance, the value of the velocity
at the macroscopic boundary.
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For the integral kernel K, we impose the following conditions:

14 L
K(t,0,z,s) =1 and K(t,T,az,fi) =K(T,z, 5) = 0. (2.4)
In the same way, the quantity G(¢,T,x) which corresponds to the deformation gra-
dient from a past times t — 7" to the current time ¢ must naturally satisfies

G(t,0,z) = d. (2.5)

The initial conditions correspond to the value that we impose at time ¢ = 0. We
assume that we know the velocity at this initial time and at any point @ of the
domain. In the same way we assume that we know all the past of the flow before the
initial time: we then know the value of G and K at ¢ = 0, for any age T and at any
point . To summarize, we assume that there exists an initial velocity vg, an initial
deformation Gy and an initial function Ky such that

v(0,z) = vo(x),
G0, T,z) = Go(T,x), (2.6)
K(0,T,z,s) = Ko(T,x,s).

2.4. Remark: The I.A. approximation. A common approximation for the
Doi-Edwards model, called the independent alignment approximation (I.A. approxi-
mation, see [15, Section 7.7.2]), is to neglect the transport term (Vo : S; Sds)dsK in
the equation (2.2), and also to simplify the expression (2.3) of the function . using

y<1A>(G)=<(G'U)®(G-U)>O L

|G - ul? Cd

The I.A. approximation is actually quite popular in the rheology literature (see e.g.,
[24, 25, 28]) since the corresponding configurational equation for K can be explicitly
solved using the Fourier series. The stress tensor o is then more simply given by
(see [15, Equation 7.195]):

+00
oIV (t,x) = G, m(T) 7YY (G(t, T, x))dT,

0 (2.7)

where m(T) = Z 8 De (7TDCp2).

A A

For such a model the global existence result is a consequence of a general result on
viscoelastic flows with memory, see [3]. Nevertheless, it is also well known that this
approximation causes serious error in certain situations, this is clearly specified in the
seminal book [15]. More precisely, it is proved that I.A. predicts a negative Weis-
senberg effect (see [19]) while the version without I.A. predicts a positive Weissenberg
effect (see [27]). To paraphrase M. Doi [10, page 2064]: ”Mathematically [...] there
seems no a priori reason why the term (V'v : Sg S ds) 0s can be neglected compared
with the term D.0%”.

2.5. Dimensionless procedure. In order to recover characteristic properties
of the system, we use a nondimensionalization procedure. We denote by L a char-
acteristic macroscopic length, by V' a characteristic velocity of the flow. It is then
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natural to define a dimensionless coordinates «*, a dimensionless velocity v* and a
dimensionless time t* by the following relations

* * L *
x = Lx*, v =Vov*, tzvt.
For polymer flow, there exists also two microscopic characteristic sizes which corre-
spond to the length ¢ and to the diffusion coefficient D,. They allow to define a
dimensionless microscopic length s* and another dimensionless time T™:
52
s=1{s" T=—T"
) De
Finally, in a dilute polymer solution, two viscosities naturally appear: the solvent
viscosity ns and the elastic one defined using the characteristic modulus: 7, = %
If we denote by n = ns + 1 the total viscosity, then we defined the dimensionless
pressure and stress as follows

nv o, o,
= —p", o=-—o".
p="?P L
Taking into account all these new unknowns and new variables, the complete system

reads (without * in the notations):

Redv + Vp — (1 —w)Av = dive, (2.8a)
dive =0, (2.8b)
o(t,z) =w i S(t,x,s)ds, (2.8¢)
y +00
S(t,m,s) — —J orK (T, m,5).7(G(t, T, ) dT, (2.84)
0
1
dtG + @(%«G =G- V'U, (286)

1 s
dtK + @(%K + (V’U : J

1
K- —d*K =0. 2.8f
Os)as sl =0 (2.8f)

In this set of equations, fRe is the usual Reynolds number, w stands for the viscosities
ratio and e is the Weissenberg number defined by the ratio between the macroscopic
time and the microscopic time. More precisely we have

pV L Te ??/D,
Re = ——, w=—, We = .
" n L)V

The functions .7 is always defined by the relation (2.3).

The goal of the rest of the paper is to analyze, from a mathematical point of view,
the existence of a solution to the system (2.8). More exactly, by given initial data
(vo, Go, Kp), is there a triplet of functions (v, G, K') which coincides with the data at
initial time and such that the previous system holds for any future time?

3. Mathematical framework, assumptions and main results.
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3.1. Notations. The integer d stands for the spatial dimension of the flow. It
will be equal to 2 or 3 in the first parts and exclusively equal to 2 in Section 7 where
we prove a global existence result.

Notations for functional analysis —

— The d dimensional torus is denoted T.

— For all integers n > 0 and ¢ > 1, the set W9 corresponds to the usual
Sobolev spaces with respect to the space variable € T. We classically
denote L = W29 and HZ = W22 and we do not take into account the
dimension in the notations, for instance the space (W_24)? will be denoted
Wia,

— All the norms will be denoted by index, like |v]y1.4.

— Since we are interested in the incompressible flows, we introduce

H,={vell; divv =0}.

— The Stokes operator A, is introduced, with domain 2(A,) = W24 n H,,
whereas we denote (see [9, Section 2.3] for some details on this space)

+o0
Ty = {we Hy; ooy + (J |Age~Haw]t, df)" < oo},
0

— The notations of kind L"(0,t*; X) denote the space of r-integrable functions
on (0, ¢*) with values in the space X. For instance G € L"(0,t*; LF L) means
that

t*

HGHZT(OJ,;L%%) = f sup (J:E |G(t, T, x)|? d:c) dt < +o0.

0 TeR+

Notations for tensorial analysis — In System (2.8), the first equation (2.8a) is
a vectorial equation (the velocity v is a function with values in Rd). The equa-
tions (2.8¢c), (2.8d) and (2.8e) are tensorial equations (the stress o, the orientation S
and the deformation tensor G are functions with values in the set of the 2-tensors). In
the following proofs, we need to work with the gradient of such 2-tensors, that is with
3-tensors, and even with 4-tensors. We introduce here some notations for tensors.

— The set of linear applications on the d-dimensional space is denoted L‘(Rd).

— The products A® B, A- B and A : B between two tensors of order p and ¢

are respectively defined component by component by

(A B)
(4-5)
(A:B

. L .= a; i b .
D102 pyJ1se-020q 1seeylp “J15-000q 7

11502 bp—1,]25-+5]q 11’“'77’13*17]9‘ kv]?a“w]q ’

)il,,,,ip,z,j?,,,,,,jq = Qiy,ipoz kol Okl jostsgy

where we use the Einstein convention for the summations with indexes k
and /.

— Note also that all these products are inner products on the set of the p-tensors.
It allows us to define a generalized Froebenius norm:

|A‘2 = Z alzl,.,.,ip’
ilvﬂwip
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We conclude this section introducing the constant C. This constant stands for any
constant depending on the data of the problem: initial conditions, physical parame-
ters... In some cases, informations will be given on the dependence of this constant
(see for example Section 7 where we explain that this constant may depend on time ¢*
but must remain bounded when ¢* is bounded).

3.2. Assumptions. The results proved in this article requires some assumptions
about the data. In addition to the assumptions on the regularity of the initial condi-
tions that will be specified in each theorem statement, we will need some "natural”
assumptions.

v' The first assumption relates to the initial deformation Gy:

Iy >0; detGo = 7. (3.1)

We note that in many applications, the fluid is assumed to be initially quiescent. In
that case, we have Gy = § and det Gy = 1. More generally, we will see (equation (4.5)
in the preliminary section 4.2) that the quantity det G is only convected by the flow.
If the fluid is assumed to be at rest in the past (that is for 7' large enough), then
we always have det Gy = 1. The assumption on the positiveness of det Gy allows us
consider, for instance, such cases.

v The second assumption relates to the initial memory mgy = —0rKp:
mo =0, (3.2a)
ormg < 0. (32b)

The quantity mq describes the memory of the fluid, that is the weight that must have
the quantity . in the flow wvia the relation (2.8d). It is physically positive. The
assumption (3.2b) indicates that the memory decreases with the age T: It is linked
to the principle of fading memory, see [5].

In the integral models, that is to say when the memory is explicitly given in terms of
age T, it is a combination of exponentially decreasing functions (see for instance the
Doi-Edwards model under the I.A. approximation, Subsection 2.4 and more precisely
the expression (2.7) of the memory). Such decreasing behaviors will be prescribed
in the functional spaces with exponential weight. For example, we will impose that
there exists u > 0 such that mo < C e WerT,

3.3. Main results. The first result concerns an existence result for strong solu-
tion. It is a local in time result:

THEOREM 3.1 (local existence). Let r €]2,+o0[, q €]d, +[, d € {2, 3} being the
space dimension, and p > 0.
If the data vy, G and K satisfy the assumptions (3.1), (3.2) and have the following
regqularity

Vg € @;, G() € L%le’q, aTG() € L%qu,
MerlorKy e LELE,, WMoV Kye L3LY,, 0,Koe LFLE,,

then there exists t* > 0 and a strong solution (u,G,K) to System (2.8) in [0,¢*],
which satisfies the initial and boundary conditions (2.4), (2.5) and (2.6). Moreover
we have

ve L7(0, 1 W2), v e L7(0,1*; LY),

G e L®(0,t*, LEWL), 8,G, 0rG e L"(0,t*; LELY),

K,orK, et T, K e L°(0,t*; L¥LE ),  0,K € L*(0,t*; LY¥L2 ),

orVK € L*(0,t*; LLLY , A L2LY, ), 0,K € L0, LFLL ),
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and the memory m = —or K remains non negative and is decreasing.

REMARK 3.1.

1. In this article, we will not give any result on the pressure p. In practice,
the latter is regarded as a Lagrange multiplier associated to the divergence
free constraint. It can be solved using the Riesz transforms. More precisely,
taking the divergence of the first equation (2.8a) of System (2.8) we use the
periodic boundary conditions to have

p=—(—A)"divdiv(o —v®w). (3:3)

From Theorem 3.1, we can prove that the solutions of System (2.8) discussed
in this paper have o —v @ v in L*(0,t*;L2). The pressure in the solution
of (2.8) is meant to be given by (3.3).

2. The regularity of the so-called strong solutions presented here is primarily
modeled on the regularity results in [7]. This concept means that the solutions
are more reqular than the so-called weak solutions ”a la Leray”. According
to my knowledge, there is no existence results of weak solutions for the model
presented in this article. The reason is certainly linked to the difficulty to
obtain a sufficiently rich energy: In the case of the Oldroyd type model, the
energy that is currently known allows to control the usual kinetic energy |v|?
and the trace of the constraint Tro, see [21]. These bounds do not seem
suited to infer the results of existence of weak solution.

We will show that the solution obtained in Theorem 3.1 is the only one in the class
of regular solutions. Precisely, the result reads as follows.

THEOREM 3.2 (uniqueness). Let t* > 0.
Let (u1,G1,K1) and (ug,Ga, K3) be two solutions to System (2.8) satisfying the
initial and boundary conditions (2.4), (2.5) and (2.6). If we have, for i€ {1,2},

Vo, € L*(0,t*; LY),
G L*(0,t"; LT (Ly 0 W),

3.4
orK; e L*(0,t*; LY LY, ~ Ly Ly ), (34)
orVK; e L™(0,t*; L7LL ),
and if each m; = —0r K; is decreasing with respect to T then the two solutions coin-

cide.

Obviously, the solution obtained in Theorem 3.1 satisfies the regularity requested
in (3.4). Combining Theorems 3.1 and 3.2 we get a local and uniqueness result. In
the two-dimensional case, it is possible to show that the solution (v, G, K) of prob-
lem (2.8) exists for any time ¢* > 0. More precisely we have the following result:

THEOREM 3.3 (global existence in 2D). Let r €]2, + o[, ¢ €]2, +oo[ and p > 0.
We assume that % +1< % and that the data vy, Gy and Ky satisfy the same as-
sumptions that in Theorem 3.1.
Let t* > 0 be arbitrary.
There ezists a constant C depending only on the data with C' bounded for bounded t*,
and a solution (v, G, K) of (2.8) satisfying the initial and boundary conditions (2.4),
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(2.5) and (2.6) such that

V20 1 (0,4+:08) < C, IVv|re 600y < C,
<

(3.5)
C, HSHLOO(O,t*;L;O) < C.

IVS|Lro,:28 )

The estimates (3.5) announced in the theorem 3.3 above are sufficient to prove a global

in time existence of a solution (v, G, K). In fact if (3.5) holds then it is possible to
prove - principally using the lemmas introduced in the proof of the local existence
result - that the solution (v, G, K) of (2.8) at time ¢* have the same regularity that
at time 0. Applying the local result (theorem 3.1), we deduce that the solution can
not blow up in finite time.

4. Preliminaries. In this section we give some results which will be using during
the different proofs of the previous theorems.

4.1. Some bounds for the function .. One of the key points of the proof of
global existence lies in the fact that the stress o, defined by (2.8¢)-(2.8d) is bounded.
The first result in this direction is the following result concerning the function .#:

PROPOSITION 4.1. The function . defined by the relation (2.3) is of class €*
on LRY\{0} and satisfies the following properties:
1.7, =0 ; VG € LRO\{0} , |7(G)| < Lp; (4.1a)

1.7 =0 ; VG e LRY)\{0} , |G||.7"(G)| < 7. (4.1b)

Proof. Recall the definition (2.3) of the function .#:

o (G-u)®(G-u)\ 1
(@) = (|G - u|)o < |G - ul >0 ; gé'

v" We first notice that the following inequality is obvious

Kool =] [, Fdu| < | iraldu= s, (1.2

gd—1

so that the first point of the proposition 4.1 is a direct consequence of the inequality
|A®B| < |A||B| for all tensors A and B, and of the relation |§| = v/d. More precisely
we obtain, for all G € L(R?)\{0}:

1

@) <1+

which corresponds to (4.1a).
v' For the second point (4.1b), we write the tensor .#(G) component by component:
for any (k,¢) € {1, ...,d}?,

1 (G- u)i (G-u)y 1
(G = <\G-u|>0< |C;-u\ [>0_86M'

It is then not difficult to evaluate each components of the derivative! tensor .7/(G).

IThe application .# being defined on an open set of £L(R?) with values in £(R?), its differential
is an application with values in £L(L(R?), L(R%)). Consequently, ./ (G) can be identify to a 4-order
tensor whose components are . (G); j r.¢ = 0G,;; (G)ke.
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For instance for (i,7,k,¢) € {1, ...,d}* we have

(G- u)iu,

dc, (|G ul) = |G -

More generally we obtain

‘%Wy“”“=QG:L%<|G u) >< \G m )>0

1 0iru; (G- u)r + 0;0u; (G- u)y
4.3
* Gl Gl )y 43
N -1 <(G'U)k(G'U)((G'U)i’U;j>
(|G - ul)o G- uf® 0
Taking the norm in equality (4.3) and using (4.2), we deduce
. (G)] < 2(1 + \@)M. (4.4)

(G- ulo

We note that {|Jul)g = (1) = 275//2) We next use the fact that the application

G — (|G - u|)o is a norm on the finite dimensional space £(R?). This norm is then
equivalent to G +— |G|: there exists a positive constant Cy such that for all G € L(R?)
we have

(|G -ul) = Cq|G].
The inequality (4.4) becomes

271_d/2

GIL(@)] < 201 + Vi) s

that concludes the proof of the Proposition 4.1. o

4.2. Positive norm for the deformation G. In practice, we will prove that
for any solutions (v, G, K) to the System (2.8) the deformation gradient tensor G has
a positive norm. More precisely we have

LEMMA 4.2. Let v be a free divergence vector field on T and G be a solution to
Equation (2.8e) with initial conditions satisfy det Gli—g = v > 0 and G|r—o = 6.
There exists a constant 5 such that for all (t,T,x) € (0,t*) x R* x T we have

IG(t, T, )| > 7 > 0.

Proof. A simple calculation shows that the quantity det(G) satisfies
Ddet(G) = divw det(G) = 0, (4.5)

where D refers to the one order derivating operator D = d; + ﬁ&q«. The value det(G)
is then constant along the characteristic lines. Since all the characteristic lines start
from the lines {t = 0} or {T" = 0} we deduce from the assumptions that det(G) =
min(vy,1) on (0,¢*) x Rt x T.
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Due to the inequality of arithmetic and geometric means, we have

G> =Tr(7G - G) = 24/det(1G - G) = 2|det(G)| = 2min(v, 1).

That concludes the proof of Lemma 4.2 taking ¥ = 4/2min(~, 1). o

For the local (with respect to the time ¢) result we will use the fact that the derivative
'(G) is bounded. That is clearly not the case if we only use the Proposition 4.1.
We then introduce the function

Z(G) = 7(G)x(IG)),

where y € € (R*,[0,1]) satisfies X217 = 0, X400 = 1 and X' <
2
Figure 4.1).

(see the

o

0 y/2 y
Fic. 4.1. An example of truncation function x.

Using the Proposition 4.1 it suffices to derivate 7

TG) = (@) X(G)) + (G ® |f,|x'<|G>,

to deduce
VGeLRY | A(G) <.y and | (G) < ST,

where :520’; = %Ygo + %5@0 Using the Lemma 4.2, we have the following consequence:

LEMMA 4.3. Under the assumption (3.1), the solution of the System (2.8) is

the same if we use 7 instead of . In other words, we can assume that '(G) is
bounded on (0,t*) x RT x T.

4.3. A Gronwall lemma with two times. The choice that was made in this
article is to use the current time ¢ and another time T corresponding to the age of
the flow. This choice simplifies the expression of the orientation tensor S since the
t-dependence does not appear in the integral bounds (see (2.8d)). The price to pay
is that the derivatives in time in the evolution equations of K and G involve both ¢
and 7. In this framework, the following lemma is the analog of the classical Gronwall
lemma for functions depending only ¢. Its proof is based on a change of variable that
easily allows to follow the characteristics. It is proved in [2].

LEMMA 4.4. Let f : RY — R™ be a positive and locally integrable function. If a
function y : R* x Rt — R satisfies, for all (t,T) € (0,¢*)x R*:

2(t,T) + g 0ry(6,T) < SO (1, T)
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then we have, for all (¢t,T) € (0,t*)x R*:
) <o ( [ f)ar)
0

t
T———,0) ift<WeT,
where ((t,T) = ( We ) i ¢
y(0,t —WeT) ift > WeT.

4.4. A maximum principle. The memory of the fluid is described by the
function K. This function satisfies the equation (2.8f). The form of the equation (2.8f)
is particular in that it checks a ”maximum principle”. This will be used repeatedly
in the following sections.

LEMMA 4.5. If 0,9 € L*(0,t*; Ly ) and v is free divergence on T then the solution
f(t,T,x,s) to the following system

1 1,
dif + ggefrf +90f — g0 f =0,
f|t:0:f07 f|T:0=f17 f|s:—% :f|S:L :Ov

2

(4.6)

satisfies the following mazimum principle on (0,t*) x RT x T x (=3, 3):

min{ inf fo, inf f1} < f < max{sup fy, sup f1}.
T,x,s t,x,s T,z,s t,x,s

Proof. Considering f — min{inf fo,inf f1} or max{sup fo,sup f1} — f instead of f,
it suffices to show that the solution f is non negative if the data fy and f; are non
negative.

We multiply the first equation of (4.6) by the negative part f~ of f, and we integrate
with respect to © and s. It is important to notice that the function f does not
necessary satisfy the boundary conditions f |S=% =f |8=7% = 0, but that its negative

part f~ satisfies these conditions. Using integrations by parts, we deduce
1

O + ggetrlf e + g loaf IR = [ | auglf P2

t L2 .7 ome T Lae Tpe el ML )L . s :

Since 059 € Lj Ly, we obtain

_ 1 _ _
O f7NZs, + @%Hf 172, < l0sglze 1F 7172 -

The Gronwall lemma with two variables (see the lemma 4.4) implies that
15722 (1T) < ¢t T) exp(I0ug] i oine):

where the function ¢ only depends on the values of | f~[7, on the boundaries {t = 0}

and {T = 0}. In the case where the data fp and f; are non negative we have ¢ = 0
and we deduce that |f~[3. = 0. We conclude that f is non negative. o
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4.5. A Cauchy problem involved in the proof of global existence. In
this section, we are interested in the following Cauchy problem

{ Y (@) = & (y(2) + &) (Y (2))°,

y(0) =0, ¢(0) =&, .7

where &y, &1, & and k are positive constants.

This problem will occur during the proof of global existence theorem, Section 7.
More precisely, we will see that with a good choice of parameters &y, &1, &2 and k, we
can control y(—e™**TorK) for arbitrarily long time. This will allow to control the
stress o.

Although this equation (4.7) is nonlinear and of order 2, we can explicitly give the
solution. We will see that its expression makes appear the function F' : Rt — R™T
defined by

X
F(X) = JO o T (EHe) ! gy (4.8)

Clearly this function is one-to-one (increasing) from R* to [0,£[, where the real £
denotes the limit:

+o0
= J e~ wir (e gy
0

PROPOSITION 4.6. The Cauchy problem (4.7) admits a unique solution given by

goehtt goeht!

y(z) = F71(&e "miT 1) forall =xe€ [O, £e RHT [ (4.9)
&

Proof. The equation (4.7) is a two order ordinary differential equation and it is
possible to apply the Cauchy-Lipschitz theorem: there exists a unique local solution.
Moreover, we clearly have y” > 0 and then y’ > £ > 0. The equation (4.7) also write

)| = [ (y +&)1]
kE+1

Using boundary conditions given in (4.7) we obtain the following first order ordinary
differential equation:

5051;4-1 £o k+1
Y = e FiT eRrT (W)

Making appear the function F', we deduce that

goekt1

[F)] = ere 5t

Since F'(0) = 0 and y(0) = 0 we integrate and deduce

goeh Tl

Fy(z)) = &e 1 a.

The expression (4.9) given in Proposition 4.6 follows since F is one-to-one. o
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5. Proof of the local existence result: theorem 3.1.

5.1. Strategy: a fixed point formulation. In order to prove the local ex-
istence result, we rewrite the set of equations (2.8) as a fixed point system. More
precisely, we consider the mapping (the spaces will be further given)

@ : (676?F) — (U7 G’ K)?

defined as follows:
v Velocity problem — The velocity v(t, «) is the solution of the following Stokes
problem

Redyv + Vp — (1 —w)Av = f,
dive =0, (5.1)
v|t=0 = Vo,

where the source term f contains the nonlinear term of the Navier-Stokes equations

and the term coupling velocity and stress, namely f = —Rew - Vo + dive. The
stress o (t,x) is defined by

N

o(t,x) =w S(t,xz,s)ds, (5.2)

3
where the orientation tensor S(¢,x, s) is given by
to o
S(t,xz,s) = —J orK(t,T,x,s)(G(t,T,x))dT. (5.3)
0

v Deformation problem — The deformation gradient tensor G(¢,T,x) is the
solution of the linear equation

1
0:G+v-VG+ —0drG =G - V7,
We

Gli—o = Go, Glr_g =9.

(5.4)

v" Memory problem — The scalar quantity K (¢,7T,,s) is the solution of the
following linear equation

1 1
0K +7-VK + —0rK 4+ g0, K — —0*K =0,

t +v +Qﬂe T +g me s

K|s:7% :]:{|s:1 :Oa (55)

2

Kli—o = Ko, Klr—o =1,

where g, which only depends on ¢,  and s, is given by
o(t,,5) — Vo(t,3) : J S(t,z, ) ds.
0

The goal of the next subsections is to analyze these problems (5.1), (5.4) and (5.5)
independently. We will see at the end of this analyze that it is possible to apply the
Schauder fixed point theorem for the function ® with adapted functional spaces in
order to deduce the result of Theorem 3.1.
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5.2. Estimates for the velocity v solution of a Stokes problem (5.1).
The results for the Stokes system (5.1) are very numerous. In this subsection we
only recall, without proof (we can found a proof in [17]), a well known result for the
time dependent Stokes problem. In order to simplify expressions, we use the following
norm on the velocity field:

llolly == vl g, e w20y + 000 Lr0,04:1.9)-
The result on the Stokes problem (5.1) states as follows:

LEMMA 5.1. Let t* > 0, r €]1,4+00[ and q €]1, +o0].
Ifvo € 7 and f € L"(0,t*; LY) then there is a unique solution v € L"(0,t*; Z(Ay))
such that 0yv € L7 (0,t*; Hy) to System (5.1). This solution satisfies

vl < Fr(1£]2r0,00:29))

where the function Fy depends on 7, q, w, Re and the initial value vo. Moreover this
function is continuous and nondecreasing on RY.

In practice, the function F; may be chosen as (see [2])

Ci(r,q
£ () = DD (g2 + ).
5.3. Estimates for the deformation gradient G, solution of (5.4). The
existence and regularity for the deformation gradient G is less classical. As previously,

we introduce an adapted norm, namely for the deformation gradient

IGll2 == Gl o 0,00, 22w 0y + 10 Gl e o007 12) + 107G Lr04n2228)-  (5.6)

LEMMA 5.2. Let 0 <t* < 1, r €]l,+o0[ and q €]d, +0][.
If Go € LEWLY4, 0rGo € LELL and © € L*(0,t*;Wl9) n L1(0,t*; W219) is free
divergence then the problem (5.4) admits a unique solution G € L*(0,t*; LW 19)
such that 0,G and 0rG belongs to L"(0,t*; LELY). This solution satisfies

|HGH|2 < F2(HﬁHLOO(o,t*;W;’q)le(o,t*;qu))a

where the function Fy depends on r, q, Qe and the initial value Gy. Moreover this
function is continuous and nondecreasing on RY.

The proof of a very similar result is given in [2]. One of the differences is that we
show here 0,G € L"(0,t*; L¥L%) and not only 0,G € L"(0,t*; LL) for any T € R™.
This difference takes its significance when we will give sense to initial conditions, see
the remark 5.1.

Proof. The existence of a unique solution to (5.4) follows from the application of
the method of characteristics (see [16, Appendix p. 26]). In practice, the following
estimates will be made on regular solution G,, which approaches the solution G
when a regular velocity field v,, approaches the velocity v. The regularity of these
solutions G, with respect to ¢t and T" comes from the Cauchy-Lipschitz theorem. For
sake of simplicity, we omit the indexes ”n”. In the following proof, we refer to [16] for
the passage to the limit n — +00. The rest of the proof of Lemma 5.2 is split into three
parts: in the first one (see the subsection 5.3.1) we obtain a first estimate concerning
the regularity of G, and in the subsection 5.3.3 we obtain the estimate for 0;G. This
estimate requires an estimate for G, which is given in the subsection 5.3.2.
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5.3.1. Estimate for the deformation gradient G. Let ¢ > d. We take the
inner product of the equation (5.4) by ¢|G|9~2G, and next we integrate for = € T.
Due to the incompressible condition divw = 0, we obtain

1

0| G|%,
Gy + o

nlGlty ~a [ 16126 Vo) @
T
< |Vl |G,

Then we use the continuous injection W24 < L% holds for ¢ > d and making appear
a constant Cj:

1 _
Gy + 5-2r|GlLy < aCol VBl Gl (57)
Now, we take the spatial gradient in (5.4) and compute the inner product of both
sides of the resulting equation with ¢|VG|? 2VG (we will note that this is a inner
product on the 3-tensor, defined by A :: B = a; j 1 b; ;). After integrating for x € T
we obtain
1
AIVGILy + rorlVGIL, <2 [ V619Dl +q [ |GIVEI (v,

© We b T T

Using the Holder inequality and the continuous injection W14 < L% again, we deduce
1 _

2IVGIYy + 55-2rIVGI Yy < 3005 [VBly2a |Gl (5.8)

Adding this estimate (5.8) with the estimate (5.7), we obtain

1 _
2Glyzo + 07l Gliyze < ACL VT2l Gliyga

Using the initial conditions we have

|Glywial,_y = 1Golwza and |Glyialy_y = Vd,
so that the Gronwall type lemma 4.4 (see the preliminary subsection 4.3) implies that
for (¢,T) € (0,¢*) xR* we have

t
|Glyz(t.T) < C(t.Thexp(4C [ 195124), (59)

2 .
|Golwy (T = o) it < WeT,

Vd if t > WeT.
The assumption Gy € LEW.L4 implies ¢ € L*(0,t*; LF) with

where ((t,T) =

[l (0,00525) < max {|Gol pgypra, V).
The relation (5.9) now reads

“G“LOO(o,t*;L;OWzlvq) < HCHLOO(O,t*;L%’)eXP(4OsHVﬁHLl(Qt*;W;‘?))- (5~10)
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5.3.2. Estimate for the age derivate orG. We first remark that the deriva-
tive G’ = 0rG exactly satisfies the same PDE that G (see the equation of (5.4); that
is due to the fact that ¥ does not depend on the variable T'). We then deduce the
same kind of estimate that (5.7):

1 _
Ol G | + EaTHG/HL‘Iw < Cs| VT yyaa| Gl g -
¢
But the initial conditions differ as follows:
Gl|t=0 = o0rGy and GI‘T=() = We V.

This last condition is obtained using 7' = 0 in the equation (5.4). Note that this
result is valid because we are working on regular solutions G,, (see the introduction
of this proof) such that J;G,, is continuous at T' = 0. From Lemma 4.4 given in the
subsection 4.3 we obtain for all (¢,T) € (0,¢*) xR* the estimate

t
|6 |ea (6. 1) < (e Texp(C [ 198]20), (5.11)
0
|67 Gols (T~ 55-)
® 2We

We |V (t —WeT) ift > WeT.
For each t € (0,¢*) we estimate the L¥-norm of the function T +— (’(¢,T') as follows:

’ ift <WeT,
where ¢'(t,T) =

[¢ 2z () < max(We [ VD oo 0,6524), 107 Goll g )
Taking the norm in L"(0,¢*) we deduce that ¢’ € L"(0,t*; LF) with
_ W1
[Nz 0,0:05) < max(We [V e 0,0514), [00GollLgpre) U7
By assumption we have t* < 1 so that #*7 < 1. The relation (5.11) now reads

HG/HLr(o,t*;LJTC LY < HC/HLr(o,t*;L;C) eXp(CsHvﬂ‘Ll(o,t*;W;P))~ (5.12)

5.3.3. Estimate for the time derivate 0;G. Isolating the term 0;G in the
equation (5.4) we have

1 _ _
100G les < 551G lus + 1012 19 Gl + |Glz [Vl
1 _
< 5161y + 20,y Gly o

Taking the L"(0,t*; LT )-norm for the variable (¢,T"), we obtain

1
HatGHL*(O,t*;LOTOLi) < @|‘G/‘|Lr(0,t*;L$L;)

+ 2CS|W|LT(0¢*;W$’Q) HGHLO@(O,t*;L‘;?Wml'q)'

Using the previous estimates (5.10) and (5.12), we deduce the result announced in
Lemma 5.2. o
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5.4. Estimates for the memory function K, solution of (5.5). Unlike stan-
dard memory models?, the estimate of the memory function in the Doi-Edwards model
is one of the key point in the local existence proof. In fact, the Doi-Edwards model is
strongly based on the expression of the memory and on the equation that it satisfies.
We introduce the norm of the memory function that we will controlled in the next
lemma:

H|K‘H3 ::HKHL"O (0,t*;LELEL ) + HaTKHLao(Qt*;LooLoo

T “x,s T “x,s

+ e T OrK | o0 40,121 ) + 10TV K| Lo 0,000 L8 ~z2 22 ) (5.13)

T “x,s

+ 10K 220, 2z22 ) + 105K | Lo 0,6n 0212 )

T Hx,s T Hax,s

LEMMA 5.3. Let t* > 0 and q €]d, +0].
If there exists i > 0 such that ¢®**T0r Ko € LELE , and eWenT25:V Ky € L3LY .,
if 0:Kq € L%Li,s satisfies oKy < 0,
if v e L?(0,t*; WL™) is free divergence,
if 0.9 € L*(0,t*; Ly ) and 0,Vg e L2(0,t*; Li ),
then the problem (5.5) admits a unique solution K satisfying orK <0 and

I lls < Fs (10590 220,552 - 10s Vgl 20,608, Bl L2 0,00 w2y )

where the function F3 depends on q, We, p and Ko. Moreover this function is con-
tinuous and nondecreasing in each of its variables.

Proof. The proof is composed of multiple steps since we need to control each term
of the norm || K3 introduced by (5.13).

v'Step 1: control of K - Since d,g € L*(0,*; L ) and we can directly apply the
lemma 4.5 given in the subsection 4.4. We deduce that for almost every (¢,T,x, s) €

(0,£*) x R* x T x (—3, %) we have the estimate
min{l,inf Ko} < K(t,T, 2, s) < max{1,sup Ko}. (5.14)

We remark that the assumption e¥™*#70r Ky e LE LY, implies a L*-bound on Ky:

x,s

T
Koluz (1)~ 1] < || JorKoluz, () a7
0 ,

T
< ¥ H T or Kol g, f e WenT' g (5.15)
=y

L an
< — ¥ T or Ko | e e
| o Kol gy,
To obtain the first inequality above we used the inequality o7 (|| Ko Lé’:’,s) < |07 Kol L,
which simply comes from to the inequality sup(b) — sup(a) < sup(b — a).
As a consequence of (5.15), inequality (5.14) effectively gives a L*-bound on K.

v'Step 2: control of 0y K — Introducing m = —0r K and using the fact that g
and v do not depend on the variable T, we remark that Equation (5.5) for K is
translated into a similar equation for m:

1

PZm=0
e " ’

1
dym + @GTWL +gosm —

2The term “standard” refers to models like K-BKZ in which the memory is a given function,
usually on exponential type: K(T) =e~T.
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with the following boundary and initial conditions:

=0.

=m
§=—

ml,_o = —0rKo, mip_o =0, mis—

W=
=

We can apply the lemma 4.5 again to deduce that for almost every (¢,T,x,s) €
(0,*) x R* x T x (=3, 1) we have

0 < inf(—0rKo) < m(t,T,x,s) < sup(—0drKp). (5.16)

Obviously the L*-bound on e®¢#T 91Ky implies a L*-bound on d7 K, so that the
inequality (5.16) corresponds to a L*-bound on m = —dpK. This estimate (5.16)
also proves that m > 0.

In the same way, we prove that if the memory m is initially decreasing® (with respect
to the age variable T') then the solution will be decreasing for any time ¢ > 0. The
proof consists in derivating twice the equation (5.5) with respect to T, and next in
applying the maximum principle (lemma 4.5) to the function orm.

v'Step 3: exponential control of d;pK — The exponential decreasing is ob-

tained introducing M = me™* 1T — Cyet* where Cy = sup (—orKo(T, @, s) e™ 7).
T,x,s
The quantity m satisfies
. 1, . ~ . 1 5.
dym + %6Tm—um+gasm— %68m=0, (5.17)

with the following boundary and initial conditions (we note that we use the assumption
orKy < O):

A~

m

N

|t:0 0, m|T:o <0,

Testing the equation (5.17) with the positive part of m, we easily deduce that m < 0
(see the proof of Lemma 4.5 for similar result). This implies the desired bound for
almost every (t,T,,s) € (0,t*) x R* x T x (=3, 3):

MW=t T, x,5) < Cp. (5.18)

v’ Step 4: control of drVK — To have a bound on [Vm/| 1 rs = we first note

We AT

that if we introduce m = e m, for any A > 0, then we have

+00

+o0
fo \\Vm\\L;,s<t,T>dT=jo T |G| 4 (1,T)dT

+0o0 % +0o0 %
- ( f e,chTdT) ( f V)3 (t,T)dT)
0 ,8

0
< (qame) (], 1oz emar)”

It is then sufficient to control [V 2 g . The quantity M satisfies

(5.19)

N L, ~ R
dym + @(%m — il + g0y — %asm =0, (5.20)

3Be careful not to confuse the terms ”exponentially decreasing” and ”decreasing”. The first
means that m is bounded by a function of the form e~7, while the second means that drm < 0.
Moreover the first is a global property, while the second is a local property.
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with the following boundary and initial conditions:

m| = —eT oK, fif,_, =0, m|_ L =m =0.

— _ 1
t=0 s=—3

=

Derivating the equation (5.20) with respect to the spatial variable & we obtain
1 1
d:Vim + Vv - Vi + @aTvm — AV + 6,mVg + g0V — @agvm =0. (5.21)

We take the inner product of this equation (5.21) by ¢q|Vm |92V, and we integrate
with respect to @ € T and s € (—3, 3). We deduce

~ 1 ~ ~
OVl |+ G- 0r Vil —aAIVmlT, |

We
JJ V|20, Vil + JJ V- 0,V [V
< AO + A1 -|-Ag7
where

Ay = —qf J (Vv - Vi) - Vin |Vin|772,

A = —qf J Vg Vm |Vm|q 20,mm,

Ay = —qf J (asvm-vm)\vmW?g.

)y

v'The first term Ay is directly estimate as follows
[ Aol < q| Vo[ Lz VAT, - (5.22)

v'The term A; is estimate as follows: we integrate by parts with respect to the
variable s in order to write A1 = A1 + A2 + A1z with

Ay = —qf F (asvg : vm)\vmw*m,
T}
Ay = —qf f (vg : asvm) V|2,
T}
Asz = —q(g —2) L f_ (vg : vm) (asvm : vm)wm\q—‘*m

To estimate the term A;; (which only depends on ¢ and T') we introduce the L,
bound on m:

1
2

Aul <aliiliz, [ | 1.5 w3
TJ—3

Due to the Holder inequality we obtain

[An| < qlm|cg [0:Vl Ly, (5.23)
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In the same way, the term A;ps is treated as follows:
3
el < aliiluz, [ [ 10,97 (99l 9[-
TJ-3

Using the Young inequality and next the Holder inequality, we write

1 1
q 2 o~ - qWe . 2 ~ o
Al < s | |7 1vmlr2o.a? + Sl [ [ vgP v
e Jr)-y e

(5.24)
q2We

2

1
<4 ff V|20, Vin? +
1)y

s Il IVals,

Vil
Similarly, using the Young inequality and the Hdélder inequality, the term Aps is
controlled as follows

_o) ¢ (t
\Alg\qu )J'J |Vin - 0, Vin|? |V 7~
2%e JrJ_y (5.25)
—2)W
Ll 2) e

- ~q—2
I7liz, [Valze IVAIT,.

v Using an integration by parts with respect to the variable s, the contribution As

simply reads
1
2 ~
Ay — —f f V] 0sg.
)y

Hence we have the estimate
sl < 10,10z, V)%, - (5.26)

v All these estimates (5.22), (5.23), (5.24), (5.25) and (5.26) imply

~ 1 ~ ~
AV, + so0rlVlY, | <allig, 0.V,

—1)W

N q(q — 1) We
2

+ (10sgllLg, +aA +al Vo)) VA, -

~ q—l
VmHLquS

~ ~ 1q—2
Il IValZe VAT,

Multiplying by %HVﬁiHi}q we also deduce

~ 1 ~ ~
o VinlTa  + %%vaﬂig,s <2z, 05Vl L

x,s

Vi g
+(q — 1) We|m|iz [Valia

2 a N
+ 5(H889HL;§5 + A+ 4|Vl g ) [Vin[7, -

We integrate with respect to T' € (0, +0). Since m|r—o = 0 the contribution due to
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the term or[ V|3, is non negative. We obtain

+o0
ANV g, <20 Vgls, [ I,
' 0

Vi|pg  dT
+00
b g 1)We|Vgl2, fo i3, dT

_|_

QDN

+o0
(12.gles, +ar+alVoleg) [ [Vl ar.
0 ,

We now use the bound |m|r» (t,7) < Cop ette=Wek=NT ghtained in the third step
of the present proof, to deduce

+00
AUV 1y, <200 10T gl [ BTl dT
+o0
+Cla— W vyl [T ar
58S 0

2 + )
+2(10ugleg, +ar+alVoleg) | VAR, T,
0 ,

Using the Cauchy-Schwarz inequality, we obtain for 0 < A < p the inequality
1 3

= N\ \vr .

ey MAGLEYS

1
+Chla =1 Wee Vol (30500 )

OV, 1y <200e* |0,V gluy

2 _ ~
+ g(l\angLg{S + g +q| VD) | Vi gs g -

Using the Young inequality we deduce

- C3 1o
atvaHi%Lf‘LS < Qﬁe(,uof N e%tHangH%;,S + QHV”LH%ZTL‘;
C8(a—1) sutyo, 2
+ e Vg|7ia (5.27)

2 _ ~
+ g(HangL;O,S +qA+q|VO)1z) Vi 7z 1a -
We note that [Vg|ps < [0sVg|re . Indeed, since gls—o = 0 we have
S
Vy(t,z,s) = J 0sVg(t,z,s")ds.
0

By the triangular inequality and next by the Holder inequality we conclude that

=

2
Volus, < | 10.90lus(65) 4 < 2.Vl

1
2

By assumption we know that V|2 g (0) = Hem“T(?TVKOHL%L;_S is bounded for

@, s

0 < A < 5. We then now choose A = § so that equation (5.27) becomes

O VilTs s < alVinlTa g +0,
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with
1 2 _
a(t) = 5 + 5\@9\&;@,5 +p+ 2|V e
c2 /2
and  b(0) = =2 (@ Y- 1)e2#t\|asvguii’s.

We conclude using the Gronwall lemma and the regularity which is assumed for g
and v:
t

¢ ¢
IVinl2s < C’éexp(f b) + f a(t') exp(j b). (5.28)

* 0 0 t
with

Co = €™ #TRorV K|z 1y .-

The estimate (5.28) shows that Vi € L®(0,¢*; L7.L% ). From the inequality (5.19),
it implies a bound on Vm in L (0, ¢*; L%Lgys). We also remark that we could have di-
rectly obtained a bound on Vm in L*(0,¢*; L3.L4, ) taking A = 0 starting form (5.20).

v' Step 5: control of 0;K and d;K — To get the bounds on ¢; K and 0;K we
use 0; K as test function in Equation (5.5) satisfied by K. We obtain

1 3
ikl + ookt - = | [ @ viax

3 1 3
— 0s KOt K — — or Ko K
er_;g ! QUQJTJ_; e

<Pl a2 [VELg 10K ] Lz,

1
atKHLg)S + @HaTKHLZ

@,s

@,s

0sK |12

@,s

+lglze,

a-2
Using the fact that LP < L’ and using the Young inequality we deduce
1

O K% +
KTy + o

0K 7z <3|T[ig | VK7,

3
+3glig 10KL; | + sl KL

Taking the supremum with respect to the variable T € (0, +o0) we obtain®

1 _
0K Bz, + g 0l0K Bpra, < 3B IVE R g, 20
5.29
3
+ 393z 10K Bgns, + g lorK [Epns

By assumptions, we have ||[]2.. € L'(0,¢*) and |g||3.. € L'(0,¢*) (note that g|s—o = 0
so that |g|rz, < [0sg|rz,). Using the steps 2 and 4 respectively®, we know that
4Note that we use the inequality d; (supy F(t,T)) < supg (6:F (¢, T)) which simply comes from

to the inequality sup(b) — sup(a) < sup(b — a).
5Due to the condition VK|T:0 = 0 the step 4 implies that [V K] ¢ € L®(0,t%; W%l)
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H@TKH%%L;S and HVKH%CJTOL;;G belong in L*(0,t*). Consequently we can apply the
Gronwall lemma to deduce from the inequality (5.29) the following bound:

10eK 120,00 22 ) + 105K T 0,0050222 ) < €,

where C' depends on the previous bounds. o

5.5. Proof of Theorem 3.1. For any t* > 0 we introduce the Banach space

B(t*) =L (0,¢*; WH9(T))
x ([0, x R*; LU(T))
x C([0, "] x R*; L9(Tx (=1, 1))

and for any R* > 0 the subset

AW R) = {(@,G.K) e A(t") ;
ve L"(0,t*; 2(4,)), owe L0, Hy),
Ge L™(0,t*, L¥WE), 0,G, 0rG e L(0,t*; LFLL),
K,0orK e L*(0,t";LYLg,), 0K € L*(0,t*;LFLY ),
orVK € L¥(0,t"; Ly LL , A L3 LY ),  0,K € L*(0,t*; LY LS, ),
Oli—o = vo, Gli—o = Go, Glr—o =6,

F‘t:O = KO; F|T=O = 1; F|s= 1= F|s=% = Oa

ol <, Gl <R [IK]ls < R }

where we recall that the norms || - [|1, || - |2 and || - [|3 are defined by (5.2), (5.6)
and (5.13) respectively.

It is important to remark that such a set is non-empty, for instance if R* is large
enough. More precisely, if

R* = max(F1(0), ||Goll2, | Ko]l3) (5.30)

then for any t* > 0 we can build a velocity field v* such that (v*, Gy, Ko) € 2(t*, R*),
see an example of construction in [16, p.6].

REMARK 5.1. If (v,G,K) € J(t*,R*) for some t* and R* then the velocity
field v, the tensor G and the function K are continuous with respect to the time t, the
age T and the length s. In fact, these continuity properties follow from the Sobolev
injections of kind W(0,t*; X) < C([0,t*]; X), hold for o > 1. Moreover, they make
sense of the initial conditions v|;—g = vo, Gli=0 = Go and G|r—g = 4.

More precisely, if (v,G,K) € J(t*, R*) then we have

’U|t:0 =y m I{q7

. 0
Gli—o=Gy in LFLL,

. 0
K|t=0 = K() m LTL%7S.
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Noting® that L"(0,t*; LFLL) = L®(R*; L™(0,t*; L)) we also deduce that
Glr—o =6 in L"(0,t*;L1),
Klroo=1 in L*(0,t";Lg ).

Similarly, we have for almost every (t,T) € (0,t*) x R* the relation K € Ly, and
0sK € L ;. We deduce that

K]

s=

~1 =K|S=%=O in L*(0,t*; LYLY).

We consider the mapping
o H(,R) — B(tY)
(v,G,K) — (v,G, K),
where v is the unique solution of the Stokes problem (5.1) with
f=—Rev Vo + divo, (5.31)

where G solves the problem (5.4) depending on v, and where K is given as the solution
of (5.5) with

0sg=Vv:8. (5.32)
LEMMA 5.4. If (0,G,K) € ' (t*,R*) and r > 2 then we have

HfHL*(O,t*;L%) + Hﬁ”LOO(O,t*;le‘q)le(O,t*;Wﬁ’q)mLZ(O,t*;Wml‘oo)

S (5.33)
Hasgum(o,t*;Lgs) + ”asVQHLz(o,t*;Lg,s) < G(t", RY),

where G is a continuous function vanishing for t* = 0.

Proof. We will estimate each term of the left hand side of (5.33).
v' Step 1: Control of the source term f — The source term f being given
by the relation (5.31), we directly have

| f

We follow the ideas of [16], generalized by [2] to the d-dimensional case, in order to
treat the bilinear term v - V. We have

Lr(0,+08) < Re[V - VO 1402y + [ dive| Lro,iv;22).-

+d

_ _ fq=d _ a+d 3(12;d w3a=d_1 _ 9
[0 Vol oz < O 50 RV H oo 7 + 0 Re2, (5.34)
The last term div o is controlled using the orientation tensor S, see (5.2):
| dive|pro,ma) < w[VS|Lrouxre.,)-

By the definition of S, see (5.3), the gradient VS reads (making appears m = —0rK)

+00
VS(t,x,s) = vm(t, T,z,s) ® (G, T,x))dT
0

+
+ J' m(t, T,x,s) .S (G, T,x)) : VG(t,T,x)dT.
0

6This result is based on the following inequality sup; (Sé* f¢,T)dt) < S(t)* supp f(t,T)dt for all
positive function f e L1(0,t*; LF).
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Its L ;-norm can be estimate as follows

IVS] Ly

x,s

+o0
)< | VMg (T
0
0 B (5.35)
£ 7L [ I, (. DIVE s (6T AT,
0
We can read this inequality (5.35) as

x©,s

IVS|Ly, < SVl g, + S0l Ly IVGlizis-
Note that since He“(meT_“ﬁHLI(oyt*;L%oL;{_,s) < R* we have, for all ¢t € (0,¢*):
a0
i1z, 0 = | Imlig, (67) a7

o0
< R*J e—,u(QUeT—t) dT

We deduce that for all ¢ € (0,¢*) we have
* / R ut
HVSHLgm(t) < yooR +yoom7we . (536)
Taking the L™-norm we finally obtain

| div o opmie) < C(E7 R* + (e —1)7 R*?), (5.37)

where the constant C' does not depend on t* nor R*.

v Step 2: Control of the velocity © — We use the following classical result [31]:
if X ¢ Y are two Banach spaces with compact injection then the following injection
is continuous:

{ve L(0,t";X) ; 0w e L*(0,t*;Y)} < €(0,1[X,Y]1).

Using X = W24 and Y = LY, we obtain

1 1
HﬁHLw(o,t*;WwW) <C H@\|22(07t*;W5,q)Hathia(o,t*;Lg)

|0

1

l§,7'(0,t*;Lg) (5.38)

- 1
<Ot |72

T(O,t*;Wi‘q)‘

<Ct'7 R*.

More simply (in fact using the Hélder inequality and the continuous Sobolev embed-
ding W24 — WL%) we have

r—1 =1
100 10,4 swzay ST T 0N e (o poswzay ST RY, (5.39)

r=2 r—2
HWHH(O,#;W;“) <Ot ”ﬁHLT(O,t*;Wi‘q) <Ct = R
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v Step 3: Control of the source term g — Using the definition (5.32) of dsg
we directly obtain

HaégﬂLz 0,t*;L% ) HV'UHL2(O tre Loo)HSHL7 0,t*;L% BE (540)

The velocity contribution is controlled using the Sobolev embedding W14 «— L%:

r—2
HVUHL2(0 tLE) OHUHL2(O t*; W, 2*‘1) Ot L’(O t*;W29) <Ct"# R". (5-41)

The contribution of S in the inequality (5.40) is estimate using its definition (5.3) and
using the inequality |07 K| < R*ette #¢T which comes from the bound || K|[3 < R*:

ISlLr i1, < C R e (5.42)
The estimates (5.41) and (5.42) allows to write the inequality (5.40) as follows
1069l 120,011 ) < Ct* 7 R*Z b, (5.43)
We complete this step considering d;Vg. We have

HasV!JHL?(o,t*;Lq ) \HVDHL2 0,t%; LL)HVS”LL 0,t*;L

&,s)

+ HVQ'UHL"’(O,t*;Li)HSHLOO(O,t*;L;C’Sy

We use estimates (5.41) and (5.42), supplemented by estimates (the first comes from
to estimate (5.36), the second is a direct consequence of the bound ||7]|; < R*):

IVSIpors,) <C (R + R*?et),
— r—2, r—2
V28] L2(0,04:08) < CUZ [T g esziay < CE T RY,

to deduce

10sVgll L2005 ) < Ct* T R2(1 4" (14 RY)). (5.44)

Gathering the estimates (5.34), (5.37), (5.38), (5.39), (5.43) and (5.44) we conclude
the proof of lemma 5.4. o
¢-Invariant subset — Consequently, using the lemmas 5.1, 5.2, 5.3 and 5.4, we
deduce that if (0, G, K) € 7(t*, R*) then its image (v, G, K) = ®(v, G, K) satisfies
< B (G(t*, RY),
G2 < F2(G(t*, RY)),
IK s < F5(G(t*,R*), G(t*, RY)).

To ensure that the ball Z(t*) is invariant under the action of ®, we must find ¢*
and R* such that

*, (5.45)
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Notice that if we choose t* = 0 then the previous inequalities (5.45) become (the
function G vanishes for t* = 0)

F1(0) < R,
FQ(O) < R,
F3(0,0) < R*.

By continuity argument, taking
R* = max {2F1(0), F2(0) + [|Goll2, F3(0,0) + || Kolls},

we deduce that there exists ¢* > 0 such that (5.45) holds. For such a choice we have
the inclusion ®(A(t*)) < A(t*).

Note that at the same time , we chose R* so that the inequalities (5.30) hold, this
insures that J(t*, R*) # ¢J. Moreover the function ® is continuous and .2 (t*, R*)
is a convex compact subset of H(t*), see [18] for similar properties. We conclude the
proof using the Schauder’s theorem. o

6. Proof of the uniqueness result. This section is devoted to the proof of the
theorem 3.2. As usual to prove an uniqueness result we take the difference of the two
solutions indexed by 1 and 2 such that

Vo, € L*(0,t*; LY),

Gie L*(0,t*; LF (LL ~n W),
orKi e L*(0,t; LELY A Ly LY ),
orVK;e L*(0,t*; L3LY ).

The vector v = v — va, the scalars p = p; — po, K = K; — K5 and the tensor
G = G1 — G, satisfy the following:

Re(Oyv +v1 - Vo +v- Vo) + Vp— (1 —w)Av = divo, (6.2a)

dive =0, (6.2b)

o(t,z) =wJ2 S(t,@,5)ds, (6.2¢)
oo

S(t,z,s) = f (— oK, (F(Gh) — S (Ga)) — orK y(Gz))dT, (6.2d)
0

0:G + vy -VG+v-VG2+£aTG=G1-Vv+G-Vv2, (6.2¢)

1 1 s
atK+'U1'VK‘F’U'VKQ‘F@&TK*@@EK‘F(V’UlIJ

) sl)asK

S

+ (V'vl : L s)aus + (Vv : L SQ)aSK2 —0. (6.2f)

together with zero initial and boundary conditions. The uniqueness proof consists in
demonstrate that v = 0, G = 0 and K = 0. We will initially provide estimates on
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these three quantities. More exactly, we introduce the following quantities
W(t) = Vo[,
X(t) = Rev[z,

+00 6.3
) - | Imili, |61, ar. (6.3)

+00
2= | imly ar.
0 ,8
and we will obtained some relations between them.

Velocity estimate — Taking the inner product of the equation (6.2a) by v in L2,
we obtain

Re
Sl + (1 =@ Volty =~ | o Vot [ (0 Y0 0.
From the Cauchy-Schwarz inequality and the Young inequality, we obtain

1
Re dtH"H%g +(1- W)HVUH%; < mHUH%g +20e|Vua| Lz ”UHQLg (6.4)
Introducing a (t) = 2||Vvz|r» this estimate (6.4) reads using the notations X and W

introduced below (see (6.3)):

1
X' +(1—-wW < ﬁ”””ii +a1X. (6.5)

It is important to notice that, due to the assumptions (6.1), we have a; € L'(0,t*).
Stress tensor estimate — From the definition of the stress tensor o in the

System (6.2) we have |0z < w[S|rz  and due to the definition of S (see equa-
tion (6.2d)), we obtain

400
forlfs <e? [l

S(Gh) = S (Go)l3s |

+0o0
[ iy 17(Gol AT,

where m; = —0rK;, i € {1,2} and m = m; — ma. By assumption, the function .
and .’ are bounded by .7, and .7/ respectively (in practice, recall that we work
with the function ., see the preliminary section 4.2). In particular we have |.(G1) —

S (G2)] < %/\Gl —Gs|. In term of Y and Z (see their definition given by (6.3)) we
deduce

~2
HUH2L§ SWAILY +Wi S22 (6.6)

Deformation gradient estimate — Taking the inner product of the equa-
tion (6.2e) by G in L2, we obtain

1 1
30161 + gapedrl Gl = [ (G1-V0)-G

+L(G-Vv2)-G7L(v-VG2)-G.
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Using the Cauchy-Schwarz and the Holder inequalities, we have the estimate

1 1
30GIL: + 5. Ol Gliz <IGilie|Volez |Gz
+ Vool 2 G2
+vl 2 [VGa| Ly |GllLs-
Ly

_2d_
Due to the Sobolev continuous injection H. <> Lg > and the Young inequality, we
obtain:

1
AGT, + g5 orIGl3; < ol + ()Gl (6.7)
where the function
as(t) = 2|G1[Lg 1z + 2| Vveliz + C*|[VGa|7y 4,

and where the constant C' depends on ¢ and d. Multiplying this estimate (6.7) by
|m1]3. where my = —0p K1, and integrating for T € (0, +00) we obtain

+o0
YO+ g5 | Il rlGIE AT < C(X0) + W) + @Y (0. (68)

52

We note that the constant C' contains the value S0+ *|m13., dT which is bounded
according to (6.1).

Using an integration by parts we prove that the integral .# is non-negative. More
precisely we use the fact that m1|T:O = 0 and the fact that M : T'— |ma |z (¢, T) is
a decreasing function. Indeed, we simply use the following property of the supremum:
for any 0 < T < T’ we have

M(T") = M(T) < sup (my (¢, T, @, s) —mq(t, T, z,s)).

x,s
Since Ormg < 0 we have seen that drm; < 0 (see the discussion page 8 before the

statement of the theorem 3.2). We conclude that M (T") — M(T") < 0.

Consequently the estimate (6.8) now reads
Y < CX + bW + ayY. (6.9)
We also note that b; = C' and, due to the assumptions (6.1), we have as € L(0,t*).

Memory estimate — We derivate the equation (6.2f) with respect to the age T
and next we take the inner product with m = —07K in L?E, s~ Using integrations by
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parts we obtain

1
1 1 2
orlmlEs +=—|omlZ; < §J J (Vor £ Sy)m?
3y ’ 'Jl‘ 75

1
) 2 —
2 thHLi,s * Same e

+JJ (V'vlzs—i-V'v:Sg)mgm

v

+JJ (Vvlzj S+W:f SQ)mzaSm
TJ-1 0 0

ff JQ (v - Vmg)m.
v) oy

By the Cauchy-Schwarz inequality we obtain the following estimate:

1 1
5T|\mHQL;YS+@H05mH%;S < 5 IVoileglSilg,

+[Voiloz |Slzz

mHQL;,S

1 |
) 2 —
50lmli , + 5am,

ma|rg, Iml Lz
+ [ Volzz[Sal Lz,

Sz,

ma|rg, mlzs ,

+ Vo] ez

mal|re [0sml|rz |
+ [ Vollz [S2llz [malrz, [0sm] Lz

ol e [Vmalzg Imlzs -
@

From the Young inequality 2ab < a? +b? and the Sobolev embedding for the last term
we deduce

o3y + gpotrlmly | < Co(e.T)lml3,
+[Voilzg [malzz, |S1Z:
182l Imalig, VoI, (6.10)
+We|Vou| T [maliy [S]72
e Sl [maldy |V,
Ol Vmal 2y o)y,
where the function

Cz(t,T) = |Vvi|rz|Silrz, + [Vvi|rzlmaliz, +[S2]re,

mQHLf,S + 1.

Integrating the estimate (6.10) for T' € (0,T) we deduce (we also use the fact that

HS2HL;S < yoonﬂ\LlTngs)
Z(6) < Co®Z(0) + [Vo1lug mal oy oz 1512
¥ Flmaldy 1y W)
e[V [ Imal 25 1 (ST (6.11)

+ We 2 maly e el W)

+ CIVmalZs o (X (1) + W (1)),
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~ —~ 2

where Cz(t) = sup Cz(t,T). Recalling that |S|?, <., Y +.¥2Z, we can write
TeR+ o8

the previous estimate (6.11) as follows

7' < a3 X + aY + asZ + bW, (6.12)
where we have defined
as(t) =C|VmalZ; 14
as(t) =C(|Voilrglmeliy e, + [VoilizlmalZs e ),
as(t) =C(|VoilrzlmilLy e + [Voilzz Imel o e
+ [VoilogImelrery, + Imelryre melLery

T V@,s AR

+VoilZglmalis pe +1)-

The assumptions (6.1) imply that a3, as and as belong in L'(0,¢*). The last contri-
bution makes appear the function b, which is given by

balt) = Folmally 1 +We S2mal2, 1 ol 1+ CITmal2s 1y .
The assumptions (6.1) imply that by € L*(0, t*).

Uniqueness result — Finally, we perform the following combination:
(1 —w)(6.5) + (6.6) + £(6.9) + €(6.12)

using € > 0 small enough to control the quantity W (t) of the right side member by
the same quantity on the left side member. This is possible since the functions b,
and by are bounded. More precisely, we use

o -wp
1 + bl + Hb2”LCD(O7t*) ’

We deduce an estimate of kind
(X+Y+2)<a(C+Y +2),

where the function a is a linear combination of a;, i € {1,2, 3,4}, and consequently it
belongs in L'(0,¢*). The classical Gronwall lemma and the initial conditions X (0)
Y(0) = Z(0) = 0 imply that X =Y = Z = 0. We deduce that v = 0, G =
and K = 0, that concludes the proof.

o o |

7. Global existence. In this section, we prove the main result of the present
paper, that is the global existence of a solution to the System (2.8) in the two di-
mensional case, see Theorem 3.3. The proof is based on the following fundamental
remark: the stress given by the relation (2.8¢) is “naturally” bounded. This bound
implies a bound on the velocity field, from which we can deduce a new bound on the
stress gradient. The conclusion of the proof consists in to insure that this process is
consistent.

The main difficulties are the evaluation of the nonlinear terms that can blow the esti-
mates obtained in the proof of local existence. These nonlinearities are present many
times in the Doi-Edwards model:
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1. The nonlinearities of the Navier-Stokes equations (2.8a)—(2.8b) are always
present in the complete Doi-Edwards model. On one hand there is the con-
vection term v - Vv which is discussed in many articles. We handle this
first difficulty using the so-called LPL? estimates of the heat kernel. On the
other hand there is the nonlinear coupling due to the presence of the stress
term divo.

2. Other nonlinearities are present in the evolution equation (2.8e) for the defor-
mation tensor G. The most restrictive one corresponds to the term G - V.
Since we will have relatively little information on the velocity gradient, we will
prefer to work with the quotient %, making appear the product |G| (G).
The key point is the fact that this product is well behaved even for large value
of G.

3. Finally, there are also several nonlinearities in the equation (2.8f) describing
the evolution of memory K. The most restrictive one comes from the product
(Vv : SS S) 0s K. To solve this problem, we introduce suitable functions £ in
order to obtain a better estimate on £(0rK), and therefore a better estimate
on orK. More explicitly, for each integer k we can built such a function &£
for which we deduce an estimate on drK implying an existence result on
(0, t™a*). We will see that ¢™#* > In(k) so that, letting k — +00 we conclude
that the existence time would be as large as possible.

Let r > 2, g > 2,7 > 0and u > 0. We consider the initial data (vo, Go, Ko) satisfying
Vo € 9;,
Gy € L%le’q, orGy € L%L?B, det Gy = 7,
torKge LYLY,, e'T/?0rVKye L3LY ,

and 07Ky <0.

0Ky e L¥L?

x,s?

It is then possible to use the Theorem 3.1 and then consider the solution (u, G, K)
to System (2.8) in [0,¢*], which satisfies the initial conditions (2.6). This solution
possesses at least the following regularity:

ve L7(0,t*; W),
G e L™(0,t*, LYW L),

K,orK, et W T=Y0,K e L°(0,t*; LELE ),

drVK € L?(0,¢*; LA LY , n LA LY, ),

o e L7(0,t*; 1),

&G, opG e L"(0,t*; LELY),
0K € L*(0,t*; LF L2 ),
0K € L™ (0,t*; LFLE ).

In the following and as previously we recall that we denote by C' constants that may
depend on the initial conditions, on the physical parameters, on the integers r, ¢, on
the bounds ., and ., and on the time ¢*. Note that these constants will always

be bounded for bounded ¢*.

7.1. Maximum principle for the kernel K and their derivatives. First
we resume the proof of the local existence theorem to deduce the following bounds

(see the estimates (5.14), (5.16) and (5.18)):

LEMMA 7.1. There exists a constant C' such that

Kl<C,
0< —0rK <C,

0< —etTeT-5. K <C.
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7.2. Additional bounds for the stress tensor and for the velocity field.
The first Proposition that we introduce is one of the fundamental points which give
the global existence result. In particular, this kind of result is not proved for other
viscoelastic systems like the Oldroyd models.

PRrROPOSITION 7.2. We have the following L*-bound:

lo| 20,0002y < C.

Proof. Recall that the stress is given by the integral relation (see (2.8¢)):

Nl=

o(t,r)=w S(t,xz,s)ds.

1
2
To have a bound on o it suffice to have a bound on S which is given by (see (2.8d)):

+o0
S(t,xz,s) = 7,[ orK(t,T,x,s)(G(t,T,x))dT.
0
Since the function .# is bounded on £(R?)\{0} (see Proposition 4.1), and since the
function G has values in £(R%)\{0} (see Lemma 4.2), we deduce that the composed
function . (G) is bounded.
Moreover from Lemma 7.1 we know that —07 K > 0 and we deduce that

+00

|S(t,x,s)| < fwa orK(t,T,@,s)dT = S (K|,_,— lim K). (7.1)
0 = T—+0

Using the fact that K is bounded (see Lemma 7.1 again) we conclude that S is
bounded. o

By virtue of this proposition 7.2, we can deduce that the velocity field v satisfying
the Navier-Stokes equations (2.8a)—(2.8b) have more regular. More precisely we prove
the following Proposition (the proof is detailed in [3] and [6]).

PROPOSITION 7.3. If the integers r and q satisfy % +1 < 1 then for allt € (0,1*)
we have

[Volzeo,502) < Clnfe + Vo

L"'(O,t;Lg))a

IV - 0,4:02) < C(L+ |V | ro42))-

7.3. Control of the spatial gradient of the orientation tensor S. The
goal is now to use the previous bounds (on the velocity field) to obtain a bound on
the stress gradient Vo . In fact, the stress gradient is directly linked to the orientation
gradient V.S (see Equation (2.8¢c)) and we are then interested in this quantity:

PROPOSITION 7.4. For any convexr function E : RY — RT we have: for all
te (0,t*),

L o—2WepT z
IVSITr 04529 ) < C((L W dT) Ya(t) + yb(t)>,
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where y, and yp are defined by
t +0o0 — %
w® = [ (| VI, @ myar) o,
0o “Jo o0

T

VG

t r+00 ,
yb(t) _ J J, er,ut e—QUe,uT
0 Jo G|

The quantity M is defined by M = E(m) and m = B+ Tm,

(t',T)dTdt'. (7.2)
L

Proof. As previously we denote m = —dr K. We derivate the stress tensor given
by the relations (2.8¢) and (2.8d) with respect to the spatial variable:

+0
VS(tx,s)= | Vmt T,z s)®F(GET, ) dl
0

G v

(VS);Et,m,s)

+o0
+f m(t,T,z,s) S (G(t,T,z)) : VG(t,T,z)dT .
0

« v
v

(VS)®(t,x,s)

We have the estimate
VST ozs ) <2 (1Y) Prnss ) + VS i rssy)s (73)
so that we will independently control [(V8)*| 412 .y and [(VS)?|rr(0.4:25 .)-

v We use the definition of M = (M), m = e®erTm to write the quantity (V.S)®
as follows:

+0 e—QUe pT -

(VS)*(t,x,s) = J; WVM<t,T,SE,S) ®.7(G(t,T,z))dT.

We deduce that [|(V.S)*||g  is bounded using the L*-bound on . (see the Propo-
sition 4.1), the bound on 5’ (by the convexity assumption and the positiveness of m
we have : £'(m) = £(0)) and the triangular inequality:

+00 efﬂﬂeuT -
[(V8)] 1 (1) < j Sy VMl T

We next use the Cauchy-Schwarz inequality and obtain

dT)% (fm [VRT, (t,T) dT)%.

—2WenT

P e

Taking the L™-norm on (0,¢) we deduce

O (—29epT r
) Tz < 7] g T) 0 (74)
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v Due to the Proposition 4.1 we control the last contribution (VS)° by

+o0
(VS)b(t,x,s) < Yo'of m(t,T,x,s) Il ‘ (t,T,x)dT.
0
By the triangular inequality we deduce that
+00 \v/el
95 1150 < 7% | mlg, (0.7) fa|, 04

From Lemma 7.1 there exists a constant C' such that |m| e (t,T) < Cert=WeD),
We deduce

ve

t,T)dT.
Tel L( )

+0
(78) 1ug ()< € [ ertmmen
0

Taking the L"-norm and using the triangular inequality, we obtain

+0o0 t
) < CJ e—;LQUcT f er,ut
0 0

Writing e #%eT = @=HWeT 2 o—nWeT% 40 d ysing the Holder inequality, we obtain

+00
(V)1 0nz. < c( [ e dT)

|val

[(VS)” ik

1/r
(t',T) dt’> dT.

r—1

J +OC J it gm0l VGGT (t', T)dt' dT.
This inequality (7.3) corresponds to
1V8) 5 0nrs ) < Cnlt): (75)
v Finally, we add the contributions (7.4) and (7.5) and we use the inequality (7.3)
to conclude the proof of the Proposition 7.4. o

7.4. Control of y,. The goal is now to analyze the quantities y, and y;. This
subsection is devoted to the control of y,; the next subsection will be devoted to the
control of yp:

LEMMA 7.5. There is a family of functions E, parameterized by k = 1, for which
the function vy, introduced in the Proposition 7.4 satisfies

2

+ 9(1 +ln(e+y)2 y%)ya T, (7.6)

y;<C(1+1n(e+y)ya) .

The function y is defined by y = k™2y, + y, and the constant C does not depend
on k= 1.

Proof. This proof is decomposed into two main steps. In the first step we establish
the evolution equation satisfied by the quantity VM which appear in the definition
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of y,. In the second step we show that for a "good” choice of the function EN we
can deduce an interesting estimate for VM, that corresponds to the estimate (7.6)
announced in the lemma 7.5. "

v'Step 1: evolution equation for VM — We recall that m satisfies

1

1
d — 0 dem — —0*m =0, 7.7
e+ g Orm + g0sm — o 0im (7.7)
with the following boundary and initial conditions:
ml,_y = ~0rKo, mlp_o =0, ml,_ 4 =m s=1 = 0,

and where the function g is given by
g(t,m,8) = Volt, @) : f S(t,z, ') ds’.
0

To obtain the equation satisfied by £(m) we multiply (7.7) by &'(m). We deduce

1

a6(m) + g (€(m) + 924 (6lm) -

1
%f'(m)agm =0. (7.8)
One of the key points of the proof is that we want the function ¢ provides more

regularity. After multiplication by £’(m) the regularizing term d%m has now becomes

¢ m)cm = 32 (em) — 55 (@ (eom))
Hence the equation (7.8) writes
() + g {€m) + 0. (6(m) - g 22 (elm) + g S (@, (elom)? =
(7.9)
WepnT

Multiplying this equation (7.9) by e
quantity M = e +T¢(m):

we obtain the following equation on the

efmle pT 5// (m)

~ 1 ~ ~ ~ 1 i~ ~\ 2
deM + —0rM — uM M — —0*M 0 M)" = 0.
Mt e OrM = g 0.M = o M+ — = ez (M)
Finally, denoting m = e®@*Tm, and £(m) = T ¢(m), we obtain
~ 1~ o~ ~ 1 ,~ 1 (M) .~
diM + —0rM — uM + gosM — —*M + — =——"—(0:M)" =0. (7.10
M+ 55O M = pM + g 0,M — 55205 Qﬁe(,g/(m))2(‘ ) (7.10)

Taking the spatial gradient of (7.10) we obtain
—_ ~ 1 —_ —_ —_ ~ 1 —_
VM + Vu.VM + @%VM — UV M +VgosM + g0, VM — %afvzw

e~ ! Y — o~ - — (711)
+1< " (m) ) VM (asM)2+im§sMaSVM:0.

We \ (&(m)2) & (m) We (&/(7n))?

Remark that the first line of the equation (7.11) is exactly the same that those obtained
during the local proof (see equation (5.21)). The introduction of the function £ makes
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appear the two last terms in (7.11) and at this stage we hope that such terms brings
more estimates. N

v'Step 2: choice for the function ¢ in order to estimate VM — We first
impose that the function ¢ is the solution of the following Cauchy problem:

Y (@) = boly(@) + &) (v ()%,
{9(0) =0, %'(0)=¢&. (7.12)

The parameters &y, &1, &2 and k are assumed to be positive and will be judiciously
chosen later. We simply note that these constants do not depend on « and s but may
depend on the times ¢ and T'. Some results about this ordinary differential equation
are given in the last preliminary, see Section 4.5.

With this choice, the equation (7.11) becomes

~ ~ 1 —~ ~ —~ ~ 1 —~
AV + Vo. VM + —0rV M — uV M + Vg o, M + g0, VM — — 02V I
k:g R We 26 ~ Nme N (7.13)
e €M) + £2)*7 (0, M) >V M + e €M) + €2)F 0,30,V = .

We now proceeding as in the proof of the local existence theorem (see page 21).

We take inner product of this equation (7.13) by q|V]\7[J|q*2V]\7, and integrate with
respect to & € T and s € (—1,1). We deduce

272

_ 1 _ ~
atHVM”%gjys + %QTHVMH(IL;S - QMHVMHQL;;E .

q o o q(qg—2 T ~ ~
71 f , VM| 2|&SVM|2+(QHQ)LL1|VM-6SVM2VM‘1 A

qm” 71) + &)F VM0, B < Ao+ Ay + Ag + A,
where
Ay = QLFI (Vo-VM)-VM[VM|"?,
A = _qﬁJi (Vg VAT) VAT 20,0,
Ay = —qf J (0,901 - VAT ) [VAT |2,

Ay = — 2q§OJJ (E(A) + &2)" (a VI - VM)\VM\‘? 29

The quantities Ay and Ay are estimate by (see (5.22) and (5.26) respectively for the
same kind of estimates):

[Ao| < q|Vvlg [VM]]q

[ Aa| < 1059z, HVMHng,S-
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The proof that we use to obtain global estimate fundamentally differs from the proof
presented for the local existence especially in the control of the term A;. We control
the contribution A; without integration by parts: we simply use the Young inequality
and then the Cauchy-Schwarz inequality:

qk§0 k 1 2
A < M M
A < m” ) + &2)* ! [VT|7|0.3]
3
j f Vg2 VAT
Lo T 7%

Using the fact that the solution 5 of the Cauchy problem (7.12) is increasing (see

) (7.15)

E() + &

qWe
2k &o

Section 4.5 for an explicit expression of the function 5), and the fact that m is non-
negative (and vanishes), we directly estimate

6l |80 val, &
Using the Holder inequality, the estimate (7.15) implies
k
1 < q fOJ‘J +£2 k 1|VM|‘1|6 M|2
220e
e (7.16)

qWe

+ ——Valis VM|,
2k & §

The term Az is new with respect to the estimate introduced in the local proof theorem.
This term comes from to the function £ introduced here. We must then control this
term with the supplementary contribution given by the function ¢ itself. In practice,
the term Aj is treated similarly as the term A;, that is using the Young inequality
and then the Cauchy-Schwarz inequality:

qk& = 2
< q
| A3 >3 ff ) + &)F YV M |90, M|

2q §o >

e + el | f VR0, VTR,

Consequently to control Az with the left hand side member of (7.14) we want to
choose the parameters &y, &1, &2 and k such that

2q &
ke

q
We '

[E(M) + &]7%! < (7.17)

By lemma 7.1 we know that for all (¢,T,x,s) € ( t*) x R* x T x (—3, %) we have

0 <m(t,T,x,s) < my = C. Since the function f is increasing the condition (7.17)
also reads
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Using the preliminary result given by the Proposition 4.6, we have an explicit expres-
sion for the solution &, making appear a function F. The condition (7.17) is then
equivalent to

6<=F((5) e &)e%f%fl . (7.18)

Mo 28

In the sequel, we choose &y and &; with respect to the parameters ; and k as follows:

1

and & = m—xF(k<k

6 - g

1 T —l
s e g

With this choice, the inequality (7.18) holds, hence the inequality (7.17) holds too.

REMARK 7.1. The choices of & and & are fundamental since they ensure the
validity of (7.17), but they are also for the following three reasons:

1. First it is important to notice that with such coefficient the real 5(7%) is defined
for any m € [0,Mq]. Indeed the set of definition of the function £ given in
the proposition 4.6 writes

Lol : o] < [0, ],
[ €1e [ [ F( ( )k+1€2£2>m [ m

k:+1

since we have F( ( ) & — fg) <tl= X1—1>IE00 F(X).
2. We also note that with this choice the estimate (7.16) for Ay becomes

e éﬁﬁ“ ) + €2V Y|0. NI
¢ (7.20)

qwefz

IVglZs

We will see later that the coefficient k at the demominator of the last term
will make this contribution as small as desired (letting k to +00).

3. Using the expression of the function F given by (4.8), the value of & introduce
by (7.19) is written

(k(&)F+T —1)¢
& = Niemf : ’ eff—&(ﬁgz)“l de.

Mo 0
Performing the following change of variable z = % in the integral, and
using the expression (7.19) for & we obtain
_1
1 1 k(%)’““ _ 1 Zk-+1
& = ——ek+nRPFL L e (h+1)kFFT dz.

Mo 1

We can find a lower bound for the integral using the fact that for z < k‘(g) RHT
we have

I W ok
e (k+Dkk+1 >e 2G+D > ¢

1
2 .
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We obtain
&1 = Nie<k+1)lkk+1§2 <k(§)%+1 — 1)e*%.
Moo 2
1 — C
Finally, since e ®+DFFH1 > 1 gnd (%)ﬁrl = emtn(3) > g for 'k = 2, we
deduce

§&12C&k, (7.21)

where the constant C' does not depend on & nor on k.

Using (7.4), (7.4) and (7.20), the estimate (7.14) now write

~ 1 ~ ~
IVITIL, |+ ool VAT, <(aIVolz + 18], +an)IVATIS,

qWe &3
2%

(7.22)
+

SFig—2
IVal2, IVAT1E,°.

We multiply this estimate (7.22) by %HV]\AJHQLZQ and deduce

~ 1 ~ 2 ~
ATy, + gedrl VAL, <1V olog + = lossl g, +20) VAT

x,s

We &2

T

Vgl -

We integrate with respect to T' € (0, +0). Since m|r—o = 0 the contribution due to
the term dp| VM]3, is non negative. Finally, we obtain

400 — 2 —+00 —
at( f VAT, dT) <(2V0lzg + 1ougliz, +2) f |2, AT
0 : 0 ’

0 e €2 i (7.23)
¥ 22 a7 [Vl
0 :
We finally chose k independent of the time 7', and
b= — (7.24)
2 = 1 + Ta .

so that the estimate (7.23) becomes

+0

+00 — ) —
o [ 1w, ar) <Civelss + 2iolus, +20) [ 1901, ar
0 ' 0 '
We
+ THVQH%;S'

To make appear an equation of evolution on y, we multiply the estimate (7.23) by
( JOO HV]\AJHL;;C dT) 271 We deduce

r r2We 1-2
Yo <(r[Volrz + gHasQHL;C;S + )y, + WHVQ\&;S (va) " (7.25)



Existence for the Doi-Edwards polymer model 43
Integrating the Equation (7.25) with respect to time ¢’ € (0,t), we obtain

r
y;(t) - y;(O) g(7’Hv’l’HLOO(O,t;Lg;o) + *HasQHLOO(o,t;L;O_S) + m)ya(t)
rQUe

= [ v, @ Har

The last integral is treated using the Holder inequality again (we also use the fact
that y, = 0). We deduce

r
Ya(t) = y4(0) <(r[|Vo|reonizz) + 1059l + 1) Ya(t)

e (7.26)

+ WHVSJH%r(o,t;Lg,s)ya(t)lf?~
Using the definition of g = Vv : SS S ds we note that

2
IVglZr 0.9 .y <

v 2L7'(O,t;L§3)HSH%OO(O,t;Lg{SV

||as9HL°O(o,t;L;o,5) < HV'UHLOO(O,t;L;O)HSHL‘I(O,t;L;C’sy
(7.27)
Moreover, using successively the proposition 7.4, the remark 7.1 (more precisely equa-
—2WenT

tion (7.21)) and the expression (7.24) for &;, we have
“ e 2
2 =
IVSIEr 04508y < C’((J,O EAGE dT) Yo (£)7 + yp(t) )

< c(i(fo GZ?;?;T dT) Ya(t)* + y(t)

< C(%ya(t)% +u(t)7).

S

M

)

Introducing y = k™ 5y, + y, and using the inequality a+ + b7 < 217 (a + b)%, holds
for r =2, a > 0 and b > 0, we obtain

2
IVSIEr0,10s.) < Cyt) (7.28)
We also deduce from the Proposition 7.3 (and using (7.28)):
V20 pro,28) < C(1+ VOl Lro412))
<C(1+ HVSHLT(Oth ) (7.29)
<C(+y(t )
From the Proposition 7.3 again we have’
|Vl e 04:0g) < Clnle + [Vo|pro,e))
< Cln(e + Cy(t)7) (7.30)
< Cln(e + y(t)).

"We also use the fact that there exists two constants C' and C’ (depending on r) such that
for any y > 0 we have In(e + C’y%) < C’ln(e + y). This is due to the fact that the function

1
1 Cyr 1
— In(e+Cy~) is bounded on R (in fact it is continuous and satisfies £(0) = 1, lim ¢ = ~).

0
Y In(e + y) +0 r
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We have already seen that the orientation tensor is bounded (see Equation (7.1)
obtained to get a L*-bound on the stress o):

18] 2= 0,65 ,) < C. (7.31)

Finally, the initial value y,(0) is estimate using the assumption e*”/2Vmg € L% L, :

+00 r
0@ = ([ 19molzg, ar)
0

<( f e ar) : ( J T o2, ar) : (7.32)
0 0 '

< pE e TPVmg s 1y < C.

Gathering the six previous estimates (7.27)—(7.32), we write the inequality (7.26) as
follows

3o

yo < C(1+1In(e+y)ya) + %(1 +1In(e +9)2y7)ya

o

7.5. Control of y,. We will now control the quantity v, in order to obtain the
following result:

LEMMA 7.6. The function yp introduced in the Proposition 7.4 satisfies
vy < C(1+In(e+y)y),

where we recall that the function y is defined by y = k™ 2y, + y, and the constant C
does not depend on k = 1.

Proof. Recall that the function y, is given by (see (7.2))
t ot
yb(t) — f f e'rut efﬂﬂeuT
0 Jo

To prove the lemma 7.6 we must write an equation of evolution for %. The equation
satisfied by G reads

T

VG

(', T)dT dt'.
G|

Lg

DG =G - Vv, (7.33)

where we recall that D corresponds to the operator D = d; + dr. We take the inner
product of Equation (7.33) by —¢|VG|?|G| 7 2G:

IVG|'D|G| 7 = —¢|VG|YG| " %(G-Vv) : G.
Using the Cauchy-Schwarz inequality, we deduce
IVG|'D|G|™? < ¢|VG|!|G|™ V| (7.34)

Next we take the spatial derivative of Equation (7.33). We obtain the following 3-
tensor equation

DVG = VG- -Vv + (G- V) — Vv . VG. (7.35)
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More precisely, the component (i, j, k) of this equation reads
D&iij = @ingag’Uk + ngagai’vk — 6i’vgangk.

Taking the inner product of this equation (7.35) by ¢|G|~4|VG|?~2V G and using the
Cauchy-Schwarz inequality we deduce

G| "D|VG|? < 2¢|VG||G| 7| Vv| + ¢ VG|* |G|~V V3w (7.36)
Adding this inequality (7.36) with inequality (7.34) we deduce
D(IVG|"|G|™) < 34¢IVG|G| ™| Vo] + ¢|VG|" |G|~V | V2w,

Integrating with respect to the spatial variable we obtain

VG| a1 _,
Lq\ “|G| |Vv\+qL‘7‘G| V2.

We now use the Holder inequality to write

afH \GI pt H G|

2
A Rt A Gl < P e L S PR
We multiply (7.37) by iHE o to have
qlG| L
e s e PR e I Vol
t ‘G| Lq ‘G| s |G‘ s ‘V HL + 7l A H HL
Using the Young inequality we obtain
w H |G| L H \G| L o179l
+ (r— 1)7“71“V2'0H21.
VG

The quantity G(¢,T) = e (t, T) satisfies

Itel
01G + 0rG < 3r|Vo|rxG + (1 + pr)G + (r — 1)T_1e’”tHV2UHZg.

We multiply by e= 4T and integrate for T € (0, +0). Using the property G|T:O =4
we deduce that the second term is non negative (it equals p1y;). We obtain

Yy < 3r|Volrzy, + (14 pr)y, + (r — 1)’”_1e“”HV20HTL%.
We can write for any 0 < ¢’ < ¢ the relation
Yb (") < 37 [ Vol Lo (0,102 Ub (1) + (14 pr)yy (8) + (r = 1)" 1t [ V20|74 ().
Integrating now with respect to time ¢’ € (0,¢) we deduce

(1) = 45(0) < C(IV] L 0,my (1) + 1+ 9(t) + V20l Lo (g 08))- (7:38)
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The value of y;(0) is given with respect to the initial condition Gy:

* VG
10) = J e~ WeuT 0
o) = | rent

(T) dr.

We will note that y;(0) is bounded since Gy € L*(R™; W2?) and |G| = 7

1
/ - r
yb(o) < ,77. QHQ,LLHGOHLCD(R+;W;J) X

N

C.

Moreover, using the relation (7.29) and (7.30) again, that is

HVQUHLT 0,t:L8) S (1+y'm),
<Cl

n(e +y),

the inequality (7.38) becomes (note that (1 + y/")" < 2"=1(1 + y))

C
HV'UHLOO(O L) C

vy < C(1+In(e+y)y),

that concludes the proof of the lemma 7.6. o

7.6. End of the proof for the global result. Adding the results obtained in
Lemmas 7.5 and 7.6, we deduce that y = k= 2y, + v satisfies
2

C >
+ (1 +Ine+y)’y )y . (7.39)

Yy <C(1+In(e+y)y) 2

Using the Young inequality we have y'=7% < C(1 4+ y) < C(1 + In(e + y)%y). The
equation (7.39) implies

% (1+In(e+y)*y). (7.40)

y’<0(1+ln(e+y)y)+k

Since y = 0 we have 1 < (e +y)In(e + y) < (e + y) In(e + y)? and the equation (7.40)
implies

v <C((e+n)inle+y)+ e+ p) e+ ).

Dividing by (e + y)In(e + y)? we get

1 1
w' < O(ﬁ - w) where w = "ty (7.41)
This linear equation (7.41), combining with the initial value w(0) = m, is equiv-
alent to
1 1 1
<5 (T + ) 7.42
v <5~ (erg T2/ (742)

We note that the right hand side member in (7.42) can vanish at time ¢y given by
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It verifies lim tg = +oo.
k—+0

But by construction, we have w < 0 so that the time of existence t™2* of the solution y
satisfies t™2* > t4. Since the constant k can be chosen arbitrarily large, this time can
be choose as large as possible: we deduce that y is bounded up to time ¢* if &k is large
enough.

This bound on y implies the bounds on S (via (7.28) and (7.31)) and the bounds
on Vv, using (7.29) and (7.30). That completes the proof. o

8. Conclusion and open problems. In this paper we proved that the famous
Doi-Edwards model describing the dynamics of flexible polymers in melts and concen-
trated solutions is mathematically well-posed. In particular, we show that the solution
exists for all time in 2D, irrespective of the data (not necessarily small). Such results
naturally bring a lot of new open questions:

v" The first one is about the periodic assumption: the results that are proved in the
present paper correspond to the case where the spatial domain is periodic. The reason
of this choice is purely mathematics and it is certainly possible to extend some of the
results to the bounded domain case using Dirichlet condition for the velocity field (we
note that such a result - local in time - have been obtained for polymer model with
integral law, see [2]).

v" The second point which can be a source of interest is the existence of stationary
solution. From another point of view, the theorem 3.3 indicates that the solution
exists on (0,t*) for any time ¢* > 0. But we don’t know if there exists a solution
bounded on (0, +o0), whose the long time limit would be a stationary solution.

v' Finally, as it was specified in the introduction, much progress has been made on the
modeling of both linear and branched polymers since the pioneering works of M. Doi
and S.F. Edwards. There exists many models, usually derived from the Doi-Edwards
model, which take into account more and more complex phenomena. An example of
such a model is the so-called pom-pom model introduced by McLeish and Larson [30],
and later modified by Blackwell et al. [1]. To the best of my knowledge, no mathe-
matical results exists for such problem and a great challenge would be to show that
they are globally well-posed.
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