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ROUGHNESS-INDUCED EFFECT AT MAIN ORDER
ON THE REYNOLDS APPROXIMATION*

DIDIER BRESCH', CATHERINE CHOQUETY, LAURENT CHUPINS, THIERRY COLINTY,
AND MARGUERITE GISCLONT

Abstract. Usually the Stokes equations that govern a flow in a smooth thin domain (with
thickness of order ¢) are related to the Reynolds equation for the pressure pgmooth- In this paper, we
show that for a rough thin domain (with rugosities of order £2) the flow is governed by a modified
Reynolds equation for a pressure prough- Moreover, we find the relation pough = K Psmooth, Where
K is an explicit coefficient depending only on the form of the rugosities and on the viscosity of the
fluid. In some sense, we see that the flow may be accelerated using adequate rugosity profiles on the
bottom. The limit system is mathematically justified through a variant of the notion of two-scale
convergence, the originality and difficulty being the anisotropy in the height profile.
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Introduction. We study in this paper the effect of very small domain irregu-
larities on a thin film flow governed by the Stokes equations. In some papers, the
height of flow, denoted h and depending on the horizontal component z, is fixed and
the effect of small scales of the boundary is studied; see [1, 10]. Other papers (see
[5, 8, 9]) are related to lubrication from a mechanical point of view, that is, when the
height of flow, denoted h¢, is assumed to be small. Various limit models, in special
regimes, are obtained depending on the ratio between the size of the rugosities and
the mean height of the domain. In [3, 4, 8, 9], the ratio is assumed to be of order 1,
namely

hf(z) =¢€h (x, g) ,

and an asymptotic analysis is performed using an homogenization process. More
recently, in [5], the authors study the case where the narrow gap is smaller than the
roughness, namely

ha(x)zah(x, 6%) with o < 1.
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Fi1g. 1. Domain Q°.

Here we consider the particular case which does not enter in the previous framework,
(@) = e hy(z) + €2 hy (=
(@) = ehi(a) +22ha (5),

and we mathematically justify (through a variant of the notion of two-scale conver-
gence) that an extra term modifies the standard Reynolds equation. More precisely
the roughness is defined by a periodical function with period of order €2 (¢ > 0), so
that the three-dimensional domain occupied by the fluid is (see Figure 1)

Q°={(z,2) ER*xR; z€w and 0<z<h(z)},

where w is a domain of R2. More general rugosity profiles will be considered in a
forthcoming paper; see [6]. In the following, the applications h; and hsy are assumed
to be regular and satisfy h; > 6 > 0 and ho periodic with 0 as average. For the sake
of simplicity, we assume the flow to be governed by the stationary Stokes system

W div(u®) =0 on Q°.

{ —nAu® +Vp* =0 on Q°,

The vector field u® = (uf,w®) € R? x R describes the fluid velocity, whereas the
pressure is given by the scalar function p*. The positive real number 1 > 0 corresponds
to the viscosity of the fluid. Finally, we complete the Stokes system with the following
boundary conditions: adherence condition at the top, namely

W empe@) =0 and  u|.—pe(q) = 0;

imposed velocity at the bottom (physically, the plane z = 0 is moving horizontally
with a constant velocity u, € R?)

w20 =0 and u®|.—0 = up;

and along the lateral boundary (that is, for x € dw) two kinds of boundary conditions
will be considered. The choice of the conditions highly depends on the devices to be
considered. In most of the physical problems, two types of boundary conditions are
simultaneously used: Neumann-type conditions and Dirichlet-type conditions. Thus,
in the general case, let

ulowe =uy and (—p°Id 4 2nD(u®)) - nlowr = 0,

where JwP and Ow? define a partition of the boundary dw. Since the velocity field
u® is a free-divergence vector field, let us notice that a compatibility condition on the
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ROUGHNESS AND REYNOLDS EQUATION 999

total flux is needed if dw? = 0: [, wu;-n = 0. For the sake of simplicity, since it does
not change the analysis, we will consider the more simple boundary condition

u’lg,e =u; and Ou®/Inlgur =0

instead of the previous one.

This paper is organized as follows. In the first section, we give the definition
and properties of a convenient two-scale convergence and give the main result that
justifies the asymptotic model. The second section is dedicated to formal analysis. At
first, an equivalent formulation is given after rescaling the real domain and defining
different scales. Then, for the reader’s convenience, the case without rugosity is
recalled, where we recover the simplified Stokes equations in a thin domain and the
well-known Reynolds equation. Namely, we find the equations

—T]a%usmooth + h%vzpsmooth = 07
aZpsmooth = 07

with

) h3 . hq
dlvz <mvrpsmooth) - dlvz <7ub> .

In the rugosity case, we show that the roughness may be responsible for some acceler-
ation of the flow, which is the main contribution of this paper. Namely, we find that
the flow is governed by the equations

_na%urough + hivmprough + anaZurough =0,
8Zprough = 07

with

h3 h
div, (Flnvmprough> = div, (éKub) )

where M and K > 1 are coefficients depending on the viscosity of the fluid 7 and on
the rugosities. In the third section, we illustrate numerically the effect of rugosities
depending on the lateral boundary condition we consider. These figures show the
acceleration of the flow due to effects of the considered rugosities. Finally, in the last
section, we rigorously derive the limit system through a variant of the usual two-scale
convergence. Namely, we prove Theorem 1 given in section 1.2. The main difficulty is
the anisotropy in the height profile. We need to define “anisotropic” two-scale limit;
see, for instance, Lemma 5.4 or section 5.2 in order to study the divergence equation.

1. Definition and properties of a convenient two-scale convergence and
the main result.

1.1. Homogenization: Definition and basic properties. The proof of the
homogenization process will be carried out by using a variant of the two-scale con-
vergence introduced by Nguetseng in [12] and developed by Allaire in [2]. Let us give
the basic definition and properties of this concept. We set Q = w x (0,1) C R xR
and denote by T?! the torus of dimension d — 1.
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1000 BRESCH, CHOQUET, CHUPIN, COLIN, AND GISCLON

PROPOSITION 1.1. We say that a sequence (v¢(z,72))->0 of functions in L2(£2)
two-scale converges to a limit v°(x, Z, X) belonging to L*(Q x T4~1), and we denote

it by v° EN oY, if

lim Uf(x,Z)xp(x,Z,x/s?)dde:// (2, Z, X)V(z, Z, X)dX dxdZ
e—0 Q Q Jra-1

for any test function V(x, Z, X), X -periodic in the third variable, satisfying

lim [ |U(x, Z,z/e)|*dedZ = / / |V (2, Z, X)|? dX dz dZ.
e—=0 Jo Q JTd-1
Note that Z is only a parameter for this definition.
(i) From each bounded sequence (v¢) in L*(Q)) one can extract a subsequence
which two-scale converges to some limit v° € L>(QxT4~1). The weak L?-limit
of v¥ is v(x, Z) = [pa i VO, Z, X)dX.
(ii) Let (v¥) be a bounded sequence in L2(0,1; H*(w)) which converges weakly
to v in L2(0,1; H*(w)). Then v¢ 2 v and there exists a function v €
L2(Q; HY(T=Y)) such that, up to a subsequence, V,v° 2 Veu(z, Z) +
Vxvl(z, Z,X).
(iii) Let (v°) be a bounded sequence in L?(Q) such that (e2V,v%) is bounded in
L%(Q). Then there exists a function v° € L*(Q; HY(T?"1)) such that, up to
a subsequence, v¢ 200 and €2V ¢ N Vxv'(z, Z, X).
An immediate consequence of the above definition is the following.
LEMMA 1.1. Let (v°) be a bounded sequence in L*(Q)) such that (eV,v°) is
bounded in L*(Q). Then the two-scale limit v° € L?(; HY(T91)) of v° is such that

VXvO =0.

Proof. By (iii) of Proposition 1.1, we have 2V v¢ 2 V0. Since (eVg0®) is
bounded in L?(Q), it two-scale converges to some limit n° € L?(Q; L?(T?"!)), and

(e2V,v7) two-scale converges to 0. Thus Vxv? = 0. O

1.2. Application to rugosities in a thin film: Statement of the main
result. Recall that the problem studied in this paper relates to Stokes equation (1)
in this domain °. The boundary of Q¢ is defined by its rugous border

he(z) = € hy(x) + €2 ha (E%)

We define h§ by hi(z) = ha(x/e?). To apply the homogenization process presented
in the previous section, we have to assume only that the functions h5 and Vxh§ are
strongly two-scale converging to ho(X) and Vxho(X), that is,

lim/ |h2(x/52)|2dx:// o (X)[2 da dX,
=0 /o Q Jra-1

lim/ |Vxh2(x/62)|2da::// IV ha(X)[2 da dX.
Q Q JTd-1

e—0

Such a function is also called an “admissible test function” for the two-scale conver-
gence. The latter relations are fulfilled because we have assumed that hy € C!(T?71).
By the way, notice that the periodicity of ho is not a necessary assumption. It would
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ROUGHNESS AND REYNOLDS EQUATION 1001

be sufficient for our needs to assume that hy(z/?) and Vho(z/€?) strongly two-scale
converge to ha(X) and Vxho(X), respectively (see Remark 2 at the end of this paper).
The existence issues are not addressed in this paper since they correspond to
standard linear PDEs of Stokes type. We state now the main result.
THEOREM 1. Let (u®,w®,p%) be a sequence of weak solutions of (1).
The rescaled quantity (u®, %ws, e2pf)o (a:, hs(a:)Z) two-scale converges to the weak
solution (ug,w1,po) of
—nd%uo + hiVapo + nM Zdzue = 0,
Ozpo = 0,
divw(hluo) + 82(’[1}1 — ZV  hq 'Uo) =0
on w x (0,1), where M = [, |[Vxhs|?.
REMARK 1. Thanks to the boundary conditions on ug and w1, we can deduce (see

section 2.3.2 for details) that the limit model is equivalent to the following Reynolds
modified equation on the pressure pg:

aiv, (g div, (M

ivy | =—V, =div, | =Ku on w,

121 Po D) b

where K depends only on M (its explicit expression is given in section 2.3.2).
2. Formal derivation.

2.1. New variables. In view of taking into account the oscillations of the do-
main, we introduce a new variable, namely X = x/c2. Then we write the height h®
as

h(a:, X) = Eh1($) + EQhQ(X),

where hy € H%(Q) and hy € H2(T41).

In what follows, to use an e-independent domain, let us introduce the change of
variables Z = z/h(x, X). According to this change of variables, we seek the unknowns
(velocity and pressure) as u®(z,z) = u(z, X, Z) and p(x,2) = p(z,X,Z). More
generally, if f¢(x,z) = f(x, X, Z), then

Ve fo(e,2) = Val (0.X,2) 4 5V f (0, X, 2) = 5 Vh(e, X) 202 (2, X, 2),

1
h(z, X)
R 1
0:f(z,2) = Wazf(%)(, Z),
where we use the notation
Vh(ZIJ,X) = 6Vzh1($) + Vth(X)

In the same way, the second derivative of f¢ can be expressed with respect to the
second derivative of f, introducing

1
Ah(z, X) =eAghi(z) + gAxhz(X).
Then, the two first velocity components in (1) read as
2 2
—nh?Agu — DRV, - Vxu — B2 Axu+ D hVh - 2V xOzu
€ € €
(2) +nhAhZOzu — n|Vh|?Z0zu + 20hVh - ZV ,07u — n|Vh|? Z20%u

1
—ndzu + h*Vp + §h2vxp —hVhZdzp = 0.
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1002 BRESCH, CHOQUET, CHUPIN, COLIN, AND GISCLON

The process is similar for the third velocity component in (1). We have

2 2
“nh?Agw — E_gmvm Vxw — :—4h2Axw + g—ghw AR
(3) + phAWZ 7w — 7|V h|2Z0zw + 20hVh - ZV 05w
—|Vh|*Z?0%w — ndzw + hdzp = 0.

Finally, the free-divergence condition (corresponding to the last equation in system
(1)) in the new variables reads as

1
(4) hdiku—i—ghdivxu—Vh-Zazu—i—@Zw:O.

In the system described by (2), (3), and (4), the domain does not depend on €: it can
be written as

OxR*={(2,X,2) cR*xR*xR, zcw, 0<Z<l1}.

2.2. Case without rugosity. Here we consider the classical case where the
oscillations are not taken into account. Although the asymptotic analysis in this case
is well known, we briefly present the arguments and the result. We hope that this
will help the reader to compare the results with and without rugosity. In this case the
unknowns do not depend on the fast variable X. The height h of the domain satisfies

h(z) =ehi(x), Vh(zx)=¢eV,hi(z), and Ah(z)=-cAhi(x).

2.2.1. Equations related to a thin domain. Equation (2) can be rewritten
as

—ne’hiAu + ne?hy Aph1 Z0zu — ne?|Vahi |2 Z0zu
(5) + 20e®hVh - ZV 2070 — e |V wha |2 Z20%u — nd5u
+&2h3Vop — e2hVoh1 Z0zp = 0.

In the same way, (3) on the third component of the velocity reads as

—nth%Aww +ne?hiAph1 ZOzw — 17£2|th1 |2282w

6
©) + 20’ Vhy - ZV 07w — n62|Vzh1|2Z28%w — n@%u +¢eh10zp = 0.

Finally, the free-divergence condition (4) reads in the new variables as
(7) ehydivy u — eV hy - Z0zu + dzw = 0.

Formally, when € goes to zero, assuming that the pressure is of order 1/£2 (see [3]),
one constructs an expansion of the unknowns u, w, and p in the following form:

1 1
u=upteurtetup e, w=wotewi+E Wyt p= Pt PPt
The main order terms in (5) and (6) are

®) { —ndu0 + h{Vapo = 0,

azp() =0.
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ROUGHNESS AND REYNOLDS EQUATION 1003

2.2.2. The standard Reynolds equations. System (8), coupled with the
boundary conditions ug|z=0 = up and up|z=1 = 0, allows us to express ug with
respect to pg:

h2

LZ(Z — 1)Vapo + (1 — Z)uy.

9) up = o

Next, we use (7) on a conservative form, namely
9 (lem(hlu) — az(thl . ZU)) + az’w =0.

Using the boundary condition for v and w, we deduce that fol divg(hiu)dZ = 0. With
expression (9), we obtain the classical Reynolds equation:

. h3 . (h
(10) div, (ﬁvzm) = div, (éub) .

Concerning the lateral boundary conditions for the velocity (Neumann-type condi-
tions and Dirichlet-type conditions; see the introduction), they become conditions
(through (9)) on the pressure (Dirichlet-type conditions and Neumann-type condi-
tions, respectively)

9po

= d :0’
I g¢ and  polowr

Ow1

the flux ¢, being given with respect to the Z-average of u;,. Note that the compatibility
condition on the total flux in the case dw? = () reads as [, q¢ = 0.

2.3. Rugosity case.

2.3.1. Effect of rugosities on the flow at main order. As in the previous
case (without rugosity), we consider a characteristic pressure of order 1/&2 and velocity
of order 1:

11
u=upteurtetup e, w=wotswi+E Wyt p= Pt PPt

This choice comes naturally from the estimates derived for (u®, w®,p®); see Lemmas
4.1 and 4.2 below.

We use the following approach. We formally replace (u,w,p) by its asymptotic
expansion in (2), (3), and (4). We determine the profiles (u;, w;,p;) by identifying
all terms of the same order with respect to e. We show that (8) is modified by the
roughness profile, which adds an extra term in the horizontal part of the momentum
equation.

e Fust variable independence for the main velocity and pressures ug, wo, and pg.
We obtained the main terms of (2), (3), and (4) (that is, of order 1/ in (2), order 1 /&2
in (3), and order 1/¢ in (4)). Notice that h = O(¢), Vh = O(1), and Ah = O(1/e?),
which gives

—nhiAxug +hiVxpo =0,
—nh%Axwo =0,
hl diVX Ug = 0.
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1004 BRESCH, CHOQUET, CHUPIN, COLIN, AND GISCLON

We then obtain a Stokes system with respect to the variable X for (ug,po) and a
Laplace equation in X for the unknown wg. We immediately find (see the boundary
conditions with respect to X) that

Vxug=0, Vxpo=0, and Vxwy=0.

o Relation between the main order and first order horizontal velocity components
uo and uy. Writing the next expansion order for (2), (3), and (4) (order 1/e for (2),
order 1/¢ for (3), and order 1 for (4)), we get

—nhiAxuy + hiVxpr +nhiAxhe Z0zug — hiVxhs - Zdzpy = 0,
(11) —nhiAxwi + nh1AxhsZ0zwo + h10zpo = 0,
hidivx u1 — Vxhs - Z0zug + 0zwy = 0.

We compute the mean value in X of the last equation. Since hi, ug, and wg do not
depend on X, we find dzwy = 0. Using the boundary conditions for the horizontal
velocity at the top and the bottom of the domain, we deduce that

wg = 0.
Then the free-divergence condition written at order € gives
(12) hidivx uy = Vxhs - Z0zug.
Taking the mean value in X of the second equation of (11), we conclude that
Ozpo =0 and next Vxw; =0.

Taking the curly operator of the horizontal component in the previous system (11),
we get

hicurly Axu; = Vﬁ;Axhz - Z0zup;
that is, since h; and ug do not depend on X,
(13) hl curlX Uy = V‘J)'(hg . Zaz’u,o.

We have Axu; = Vx divy uy — Vy curly g and VxVxhy — V% Vihe = (Axhs)Id;
thus, using the divy u; and curlx uq expressions (12) and (13), we obtain

h%Axul = hlehzzazuO.
Hence, the first equation of the system (11) can be written as
Vxp1=0.

e Dynamics for the main order of the horizontal component ug. Start to write
the terms of the order € in (4):

(14) hidivg ug+hy divx ua+ho divy ur —Vihi - Z0zug—V xhe- Z0zu1 +9zw, = 0.

We compute the mean value in X of each term of this equation. Because the func-
tion h; depends only on x and all the unknowns are periodic in X, we have

/ hl diVX u2dX =0.
Td—1
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ROUGHNESS AND REYNOLDS EQUATION 1005

Using (12), we have

h 1
/ h2 diVX uldX = —2VXh2 . ZazuodX = / h2VXh2dX . Zazuo
Td—1 Td—1 hl hl Td—1

1

= Vx(h3)dX ) - Z0zug = 0.
2h1 Td—1

Integrating by parts the term Vxho - Z0zu1, we get

thg . Z(‘?ZuldX = —/ h2ZdiVX 8ZuldX.

Td—1 Td—1

Using again (12), we find

h h
Vxhy - Z0zuidX = —/ 2V xhy - OgupdX — =2

T T Vxhs - Z0%uodX.

Td—1

As before, only the coefficients ho and V xhs depend on X, and hs is X-periodic. We
conclude that

thg . Z(‘?ZuldX =0.
']I‘d—l

The other terms in (14) do not depend on X. We find
hydivy ug — Vihy - Z0zug + 0zwy = 0,
which is, in conservative form,
div, (h1ug) + 0z (w1 — Vghy - Zug) = 0.
Now we look at (3) at order 1. Since wg = 0, it gives
—nh2Axws + nh1AxhaZ0zwy + h1dzp1 = 0.

Taking the mean value in X, since w; does not depend on X, except of the last term,
all the terms are equal to zero. We find

82]91 = 0.
Now, writing (2) at order 1 we get

—nh%AXUQ — 2nh1h2Axu1 + 277h1VXh2 - ZV x0zu1 + T]hlehzzazul
+ T]hQAxhgzazUQ — 77|VXh2|ZZazu0 — 77|Vxh2|2228%’bm
— nd%uo + hiVapo + hiVxps = 0.

We take the mean value in X of each term of this equation. The first average is zero
since hy does not depend on X. For the second one, denoted by J, we use again the
decomposition Axu; = Vx divyx ug — V)L( curlx u; and then integrate by parts:

J:—/ 2nh1hgvxdivxu1dX+/ 21 hy hy V3 curly uy dX
Td—1 Td—1

= / 2nhydivyx u; VxhedX — 21 hy curly uy Vyhe dX.
Td-1 Td—1
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1006 BRESCH, CHOQUET, CHUPIN, COLIN, AND GISCLON

Using relations (12) and (13), we obtain

J = 20 ((Vxhs - Z0zu0) Vxha — (Vxhe - Z0zu0) Vxhe) dX
Td—l

:/ 21|V xcha|? Z 8u0 dX
Td—l
— 2y M Z dzu0,

where the quantity M is defined by

M = |V xho|? dX.
Td—1

All the other terms can be expressed with the value of J. For the third term an
integration by parts gives

/ 20V xhy - ZV x0zu1dX = Z07J = 20M Z0zug + 2nM Z20%uq.
Td—l

Using again integrations by parts, the next terms can be written as easily as the
preceding one. Adding all contributions, we finally deduce

—n@%uo + h%Vzpo +nMZdzug = 0.

o Conclusion of the formal development. We have stated that the principal terms
of expansion, that is, ug, wi, and pg, do not depend on X but do satisfy

—ndzuo + hiVapo + nM Z0zue = 0,
(15) 8ZpO = 07
divw(hluo) + 82(’[1}1 — ZNVhq - UO) =0.
Note that such an extra term (here the term nM Z90zu) can be found in other homog-
enization processes such as porous media; see, for instance, [7]. In the case introduced

here, the additional term comes expressly from rugosities. Its “presence” will be rig-
orously proved in the last section.

2.3.2. Modified Reynolds equation. System (15) corresponds to a “modified
Reynolds” system. More precisely, since pg does not depend on Z, we can explicitly
obtain the velocity ug with respect to the pressure pg. Let U = Ozug. The first
equation of (15) is

ndzU —n MZU = hiV.po.

We integrate this differential equation in the variable Z (for each fixed ) and find
ha () z M(Z%—s2)/2 MZ?)2 2
Uz, Z) = - e ds | Vapo(z) +e Ci(z), Ci(z) e R
0
Integrating again with respect to Z, we get

z
uo(x,Z):ub—i—/ U(x,t)dt.
0
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ROUGHNESS AND REYNOLDS EQUATION 1007

Using the boundary condition ug(z, 1) = 0, we deduce the value of the constant C; (z):

(o 22 ([ [ s [ 70)

Finally, we obtain the velocity as a function of the pressure

(16)
uo(x, Z)

Z  Ms*/2 g h 2
/ / e Wdtds_/ / M=)/ gy do A ) @t e
f eMs?/2 dg n
fZ Ms*/2 gg
+ 11— T | e
fO eMs?/2 dg
Next, integrating the last equation in (15) with respect to Z, that is, the free-
divergence condition

divy (hiug) + 0z(w1 — ZVhy - ug) = 0,

and taking into account that the velocity wy — ZV hy - ug cancels for Z = 0 and for

7 =1, we obtain
1
diVm </ hluodZ) =0.
0

With the previous expression (16) for the velocity the following pressure equation is
obtained:

Ah3
div, <Tlvzp0> = div, (Bhiuy) ,
where A and B are two constants defined by

A= 1 <€M/2 /1 o~ ME/2 gy 1) _ i(eM/Q fo fo M =1)/2 gt
M 0 M fOl eMs2/2 ds

)

1 1
B = — eM/2 —_ ]_ —_—
= R

Since A and B do not depend on z, this equation can be rewritten as

(17) dive (29,50 ) = diva (M i
Vz 12,{] zPo | = dlVy 9 b

where K is a coefficient depending on the fluid viscosity fluid n and rugosity (more
exactly, on the coefficient M): K = B/(6A). Concerning the boundary conditions,
they are the same as in the case without rugosity, namely

dpo
- =q and polowr = 0.
on

Ow1
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1008 BRESCH, CHOQUET, CHUPIN, COLIN, AND GISCLON

3. Numerical simulations. Let us remark that system (15) is energetically
consistent for M small enough. We do the calculation assuming homogeneous Dirich-
let conditions on the bottom and the top but adding an exterior force f on the
right-hand side of the horizontal component of the momentum equation. Multiplying
the horizontal component by ug/h; and integrating over the domain, we find, using
that div(hluo) 82 w1 szhl 'UQ) and 8zp() = 0

/ LEPSCI / L2 = /—Uo

Therefore, using Poincaré’s inequality over the vertical component fol lup|? < fol |07uo|?
we find an energetically consistent model assuming 1 — M/2 > 0, namely M < 2. To
better understand the effect of the fast variable dependency of h®, we expand the
expressions of A, B assuming M to be small enough, and we find

1M ) 1 M )
A=t HOMP),  B=g+ o0+ 0(0).

This allows us to define K = B/(6A), for which we obtain the following expansion:

M 2
K=1+ 30 + O(M?).
For the sake of completeness we also draw K with respect to M (see Figure 2). Now
we provide various coefficients M depending on rugosity profiles (see Figure 3) around
hi(x) = 222 — 22 + 1. The left figure obviously gives M = 0, and the middle one
provides M = 1.2310~%, K = 1.0000041. The right figure, presenting a setting with
a more oscillating boundary, gives as values M = 1.612 and K = 1.063.

FiGc. 2. K with respect to M.

The pressure corresponding to the rough domain (of characteristic coefficient K)
with a prescribed velocity on the bottom wyp is linked to the pressure corresponding
to the nonoscillating domain with a prescribed velocity on the bottom Kwuy. In other
words, the oscillations modify the flow at main order. Indeed if we are interested in
the case where we impose homogeneous boundary conditions on the lateral sides (for
instance, polawr = 0 and dp/dn|gwe = 0), then the solution of

h3 hy
i x|\ T4 VzProu =di T —K
div (12nV P gh) div (2 ub>

satisfies prough = K Dsmooth, Where Psmooth is the solution of the Reynolds equation

with rugosities:
h3 h1
di T —1vr smoo =di z | & .
1V <1277 D, th) 1V < D) Ub)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ROUGHNESS AND REYNOLDS EQUATION 1009

Fic. 3. h(x) = hi(z) (left), h(z) = hi(xz) + 0.01cos(50mz) (middle), h(x) = hi(z) +
0.01 cos(400007z/7) (right).

P R Height domain
1.0 - RN without rugosities

/ \ Height domain
0.2 / with rugosities

Pressure profile without rugosities

=

Pressure profile with rugosities

o 100 200 300 400 500 600 700 800 9200 1000

Fi1G. 4. Pressure in a thin domain with and without rugosities when homogeneous Dirichlet
conditions are imposed.

Figures 4 and 5 are numerical results corresponding to such homogeneous conditions
in the one-dimensional case. In Figure 4, homogeneous conditions on the pressure,
that is, pla=0 = plz=r = 0, are used. Moreover, two kinds of height surfaces are
used, the first one corresponding to a smooth surface, h(z) = ehy(x) with hy(z) =
2(x/L)? —2(x/L)+ 1, and the second taking into account rugosities: h(x) = ehy(x)+
e2ha(z/e?) with he(X) = sin(X). In Figure 5, the left imposed lateral condition is
a homogeneous flux condition p’|,—¢ = 0, whereas the right lateral condition is a
homogeneous pressure condition p|,—r, = 0.

An example with nonhomogeneous boundary conditions is given in Figure 6. This
numerical test corresponds to an imposed flux p'|,—¢ = 2 with an imposed pressure
plw:L =0.

4. Mathematical justification. We introduce the variable Z defined by

z z

Z @) T (@) eha(E))

to consider problem (1) in the fixed domain Q = w x (0,1). According to this change
of variables, we look at the unknown u® = (u®,w®) and p° as

uf(x,2) = ué(z, Z), w(z,z)=ws(x,Z), and p°(z,z)=ps(z, 2).

For the sake of simplicity, we omit the tilde in the new unknowns, and we focus on
standard Dirichlet boundary conditions u® = u; on 9€2. Problem (1) reduces to the

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1010 BRESCH, CHOQUET, CHUPIN, COLIN, AND GISCLON

Pressure profile with rugosities

Pressure profile without rugosities

0.8
0.6

0.4 Height domain
with rugosities

0.2 Height domain
without rugosities

0.0
o 100 200 300 400 500 600 700 800 9200 1000 *

Fic. 5. Pressure in a thin domain with and without rugosities when homogeneous Neumann—
Dirichlet conditions are tmposed.

Pressure profile with rugosities

Pressure profile without rugosities

0.8

/

0.4 | Height domain . LN
with rugosities Height domain

without rugosities "3

0.0

-0.4

o 100 200 300 400 500 600 700 800 9200 1000

Fic. 6. Pressure in a thin domain with and without rugosities when the flux is imposed on the
right.

following equations in :

YN (A;;hs |Vhsh€|2> Zopu +2,7V;_€h€-szazu5
(18) |Vh5h * Z20%uf — n%agus + V. — V;;hs Z07p° =
—nAzw® +1 <Ah5h6 |Vh6h€|2> Z0zw® + 2nV;6h5 - ZN z0zw°
(19) |Vh5h2 |22282 - n%@%wf + %821?5 =
Vih®

(20)  div(u®) — Z0zu + azw = 0.

he

4.1. Estimates. We begin with some estimates for the velocity.
LEMMA 4.1. The velocity components satisfy the following uniform estimates:

(21) lu® L2y < C,
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c
(22) VU] (L2(q))axa < =
(23) H8Zu5||(L2(Q))d S C.

Proof. These estimates are directly derived from the original problem (1) after an
adequate lifting of the nonhomogeneous boundary conditions. We write the standard
energy estimate for a Stokes-type system and then use the change of variables to
control the derivatives V,u® and dzu®. Next we use the Poincaré inequality to
control u®. O

We now state the following estimates for the pressure.

LEMMA 4.2. The pressure is such that

C
(24) IP°| 220y < =
C
(25) IVap®[lrr-1(0) < =t
C
(26) 102" |- (o) < =

Proof. Such estimates come from (19) for dzp° estimated in H~!. Estimate (25)
is deduced from (24). Concerning (24), we use the Bogovskii operator to get estimates
for the pressure on the variable domain €2° and then through the change of variables
in z the L2-estimates for p° on Q. The reader interested in such estimates is referred
to [11]. d

5. Proof of Theorem 1. In this section, we present a proof of Theorem 1 (see
section 1.2). This proof is composed of three parts. First, in section 5.1, we use the
previous estimates and two-scale convergence arguments to define a convenient limit
(ug,wo, po) of (uf,w,e2p®), and we obtain its main properties. Next, we pass to the
limit in the divergence equation and in the momentum equation (sections 5.2 and 5.3,
respectively), and we deduce that the limit (ug, po) satisfies system (15).

5.1. Convergence results. In view of the previous estimates, we claim the
following results.

There exist limit functions py € L2(Q; L2(T? 1)), ue € L*(Q; HY(T9 1)), and
wo € L2(Q; HY(T41)) such that

2 2
e2p° = po, u® = uy, and w® = wo.

Moreover, using Lemma 1.1, we assert the following.

LEMMA 5.1. The two-scale limit for the velocity is such that Vxuy = 0 and
wao =0.

Before passing to the limit in the equations, we state some auxiliary results. We
begin with the pressure function.

LEMMA 5.2. The two-scale limit pressure is such that V xpo = 0 and Ozpg = 0.

Proof. Step 1. We first prove that Vxpo = 0. We multiply (18) by an admissible
test function in the form e?¢(z, Z, 2/e?) = £4¢°, where ¢ € D(;C* (T 1)), and we
integrate by parts. We get

1 1
ws_ 4 15 2 e\ _ 4 mh - he ). ws 7
/QnVu (V4 0® +e°Vx o) /9775 (V 1+€VX 2) 7h1+sh§v w0z (Z¢°)

1 1 1
_ 4 mh - he ) - 7 € . 5 - £
/Q?]E <V 1+ EVX 2) I —I—Eh; dzu (V ¢ + 62Vx¢ >
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+/ | Vahy + 1V xhs[?
Q

1
o ut - O Z2 € 4 O us - O, 0°
[ ehge 070220 H/Q”E o+ ehgp o2y 929

1 1
— / e?p (e div, ¢° + divx ¢°) +/ e? | Vuhi + =Vxh§ | - ————e*p02(Z¢°) = 0
Q Q e hl + Ehg
Passing to the limit € — 0, we obtain

lim [ &*pfdivx ¢ dedZ = / / podivx ¢ dzdZdX = 0.
e=0 /o Q Jra-1
Thus Vxpo = 0 and the two-scale limit and the weak L? hrmt of (g2
Step 2. Next, we prove that dzpo = 0. Let ¢ € L?(w; H}(O,
hand, using the H ! estimate on 0zp°, we write

e?p®) coincide.
1)). On the one

/Q R S —

and, on the other hand, using the L? weak limit on e%p®,

/Q Oy (2p)6 = — /Q 020 — /Q podz.

It follows that dzpy = 0. This ends the proof of the lemma. O
We then study the two-scale limit of the vertical velocity component.

LEMMA 5.3. The vertical velocity component is such that w® 20.

Proof. We already mentioned that Vxwy = 0. We now prove that dzwg = 0.
We multiply the divergence equation (20) by e¢(z, Z), with ¢ € D(Q). Integrating
by parts, we obtain

—/qu Vr¢+/ mv hl u 8z(Z(b)

1 1
2 L ehE w9 (Z0) — | Db = 0.
(27) +/Qh1+gh§vxh2 9(Z9) /Qhﬁ%w 026 =0

We note that

1 1
i e — hE - uf 7 = — h A =
13%/9 h1+ah§vx 21 02(20) /th ( w—le 2) u00z(29) =0

because of the periodicity of he. We thus infer from (27) that

1 1
1. — W = R = U.
smé/ﬂ i +Eh§w dz¢ /Q ™ woOz¢ =0

It follows that dzwy = 0. We conclude using the boundary conditions. d

5.2. Divergence equation. We multiply the divergence equation (20) by ¢(z, Z)
with ¢ € D(Q):

1
— & Ve — ——V.hi - Z0zu®
/QU o /Qh1+ah§ 1 Z7u" @

1 1 1 1
— | ——————Vxh§ - Z0zu°¢ — ————w®0z¢ = 0.
/Qahl—kahg x%2 Zu 9 Q£h1+£h§w 26
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It follows that

/—Uo V (]5— V hl Z(’?Zu0¢
Q

1 1 1 1
—1i ————Vxho - ZOzu® -——w%0 =
1m</98h1+5h§ X2 ZUQH_/QEhl—i—ahgw Zd))

We note that 1/(h; 4+ €h§) is only a perturbation of 1/h for our convergence needs:

1 1 —eh§
hi+ehs  hi hi(hy +eh§)’
lim 167hEVXh2 . Zazus(b = —/ (/ thXhz) . iZazu()(b =0
=0 Jq € h1(h1 + €hj) o \Jra-1 h? ’

1 —ehj 1
fim [T )L .
5_’0/9 € hi(hy + sha)w 029 /Q </Td_1 2) h%woaﬂb 0

Notice that for this last equality we use the fact that hs is assumed to be free-average.
We then have

/—UQ'V d) V hl Z&Zu()(b
Q hq

(28) — lim (/ 1-Vxh2 Z@ZuaqS—F/ ——w€82¢)
e—0 Q€ h

1 11
I, = lim ——Vth ZOozut¢ and Iy = hm ——w0z¢.
=0 Jo € by o €h

Computation of I,. We write

1
I = lim VX(ghz) Z0zut¢

e=0 Jo 52 h
. ehs . ehs .
= il_I}%) (/ h12 le( )82(Z¢)) —I—/Q h12u Vz(az(Z(b)))
T . c . ¢
(29) = ;1_% A (u®)0z(Zp) = —/Q (/Td_l ha(X)0zE(x, Z, X) dX) Zh—17

where ¢ is the two-scale limit of the sequence (¢ div(u®)) which is bounded in L?().
Now we test the divergence equation by eh§¢, with ¢ € L2(Q). We pass to the limit
¢ — 0. Bearing in mind that dzu® is uniformly bounded in L?(Q) and wy = 0, we

obtain

0 = lim <—/Ediv(u5) §¢+/ ZVXhE ZOzuto
e—0 Q hl

hs e hj e
+/Qah—lvwh1-Zazu ¢+/ 1t haazw ¢>

- _/Q (/Td_lghg) ¢+/Q (/Td_lhgvxhg) h—lZBZuqu: —/Q (/Td_lﬁhz> ¢

We infer from the latter relation that

/Q (/T th) 6=0 voelL'(Q),
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which gives in (29) the equality I; = 0, replacing ¢ by ¢/h;.
Computation of Is. We write

[ 2 (o) (30
= _/Q (;2) -V (awahilaﬂb)
— —/Q ( [ X -Vxm dX) hilamb:/ﬂ (/le 771> hilazdi

where 1 € L?(Q, HY(T"1)) is defined by

cwt 2 0,
V(ew?) 2 V0 + V.
We set

wlz/ m dX.
Td—1

8Zw1
I, = — .
) /Q g

Relation (28) is thus the weak formulation corresponding to

Then

hy div,(uo) — Vehy - Z0zug + dzw' = 0;

thus the conservative form exactly corresponds to the last equation of (15) obtained
in a formal way.

5.3. Momentum equation. Once again, we begin with some auxiliary results.
In view of the estimates derived for u®, we can define the following “anisotropic”
two-scale limit.

LEMMA 5.4. There exists ut € L?(2; HY(T4™1)) such that V,(su®) ENT

LEMMA 5.5. The function u' is such that Axu; = Affl’” Z0zug.

Proof. On the one hand, we multiply the divergence equation by e¢(z, Z, z/€?)
with ¢ € D(Q;C1(T9~1)). Integrating by parts, we obtain

¢
h1+5h§
¢€
o —2 =
+/Q 2 e

We recall that e0zu® 20 and w® > 0. Passing to the limit in the latter relation, we
get

(bE

ediv(u®)p® — | Vxhs-Z0zu° —_—
/Q vlu)e /Q A z hi 4+ ¢ehj

—/avmhl - Z0zu®
Q

1
/ / (divx (u') = —Vxhsy - Zazuo) ¢ dX dxdZ =0,
Q JTd-1 hl

that is,

1
(30) divy (u') = 7 Vxhs - Zzuyp.

1
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On the other hand, we multiply (18) by e3¢ (x, Z,z/c?), and we integrate by parts.
We obtain

3 Aght + 5 Axhs

Vus - ZVI € \v4 5 70Ut - ¢
[onevut @94 V) 4 [ e ST R g0
2 [Vahi + TV xh5|°
_/Q 7 —|—2h§)2 eZozut - ¢°

—2/’7782 Vohi + 2V hs ) - eVudL (Z6°)
q h1 +¢eh§ Y Z

+/ o |Vahi + 1V xh5[?
o (hy +eh5)?

€ . 2 e n 3 € . €
edzu’ - 0z(Z%¢ )+/97(h1+5h§)26 Ozu® - 0z¢

1
— / e3p° (divm(¢€) + = divX(¢€)>
Q £
1 2 ¢ 1 £ s\
(31) +/ﬂm€ pe <Vzh1 + EVxhg> 07(Z¢%) = 0.

We choose ¢ in the form ¢ = curlx ¢ to cancel the term containing div.x (¢°). Passing
to the limit in the other terms and using dzpg = 0, we get

Axh
/ VXul-VX¢+// X2 20700 = 0
Q JTd-1 Q JTd-1 hy

for any ¢ = curlx ¢. It follows that

1
curlX(Axul) = h—VJ)}(Ath) . Zazuo
1
and then

(32) curly u' = hiv)l{(hg) - ZOzuyp.
1

We infer the result of the lemma from (30)—(32) using the formula Axu; = Vx divx u;
—VJX curlX (751 and Vvahg —V)L(V)L(hg = (Axhg)ld 0

LEMMA 5.6. The pressure is such that lim._,q fQ eptdivx(¢) = 0 for any ¢ €
L2(Q; HY(T-1)).

Proof. Going back to relation (31), passing to the limit ¢ — 0, and then using
the previous lemma, the result is obvious. d

We now have sufficient tools to pass to the limit in the momentum equation. We
multiply (18) by e2¢(z, Z) with ¢ € D(Q). Since Ah/h — |Vh|?/h? = div(Vh/h), we
obtain

1
/QnEQVuE i v /Q hlfhs <vzh1 + gvxhz>  EVUED (Z)
2

+/ L [Vahy + 1V hs 2
Q (hl +Eh§)2

€, Z2 n €,
dzuf - 0z( ¢)+/97(h1+8h§)282u Oz

1 1
33 = 2pF div, ——— &% (Vohi + =V xh§ ) - 02(Z¢) = 0.
) = [ rraors [ e (Vam o+ 2Vxig ) 02(20)
With Lemma 5.6, we ensure that

. 1 - e 1 € dj @ =
hm/ﬂmgp VXhQ 8Z(Z¢) - ahjf(lJ/Qgp leX (hl 8Z(Z¢)> =0.

e—0
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Passing to the limit in (33), we get, using that uy = ug(z, Z) and dzpo = 0,

v h
—n// —hlvxh2 Vxu1 0z(Z¢) +n// Vx 2' LEX2L 0 u002(2%0)
']I‘d 1 ']I‘d 1

vof [ isomeos- [ [ mavso
77~/Q‘/J1‘d—1 (hl)z z1o Z¢ Q ']I‘d—lpo v ¢

Using Lemma 5.5, one easily checks that the former relation is the energy formulation
corresponding to

1 1
N (/Td_l h2AXh2) h—lzaz(zazuo) -1 (/Td_l |Vxh2|2) h—%Z282(52u0)

— %%Zuo + Vazpo = 0.
1
Integrating by parts the integral terms, one finally gets

aZZUO + Vaipo + - </ |Vxh2|2dX) Z0zug =0,
02 \ s

which corresponds to the first equation of (15) obtained in a formal way (recall that
the quantity M is defined by M = [, , [Vxho|*dX). Theorem 1 is proved.
REMARK 2. In the proof of Theorem 1, we have kept the the periodicity as-
sumption for the rugosity function ho, which is necessary for the formal derivation
(section 2.3). Let us emphasize that this periodicity assumption is unnecessary for
the rigorous derivation of the limit model. Actually, it is sufficient to assume the
following:
(i) The roughness is characterized by oscillations with minimal size of order 2.
(ii) The sequences (h2(z/e%)) and (Vha(z/e?)) strongly two-scale converge to
ho(X) and Vxha(X), respectively.
The interested reader could follow the lines of section 5 and check that our arguments
remain true under hypotheses (1)—(ii). Only the result of Lemma 5.3 would change:
this has no influence on the limit model because V xwo = 0 remains true.
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